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Abstract 

For a given real entire function ip with finitely many nonreal zeros, we establish a connection 
between the number of real zeros of the functions Q — {ip' /ip)' and Qi = {(f" /(p')'. This 
connection leads to a proof of the Hawaii conjecture [T. Craven, G. Csordas, and W. Smith, The 
zeros of derivatives of entire functions and the Polya-Wiman conjecture, Ann. of Math. (2) 
125 (1987), 405-431] stating that the number of real zeros of Q does not exceed the number of 
nonreal zeros of p. 

Introduction 

In this paper, we investigate the real critical points of logarithmic derivatives of real entire function, 
(p{z), in the class C — V* (see Definition [2|) . Our main result establishes bounds on the number 
of real zeros of the derivative of the logarithmic derivative of the function (p{z). The idea behind 
these bounds arose from attempts to prove the following twenty year-old conjecture of T. Craven, 
G. Csordas and W. Smith [3] (see also [5j), which was nicknamed by A. Eremenko the Hawaii 
conjecture. 

The Hawaii conjecture. If a real polynomial p has 2m nonreal zeros, then the rational function 



dz 

has at most 2m real zeros, counting multiplicities. 

Various attempts were made to resolve this conjecture by geometric and topologic methods [21 
El [7]. In particular, J. Borcea and B.Shapiro [2] developed a general theory of level sets, which 
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may imply the validity of the Hawaii conjectm'e as a special case. In \13\ Chapter 9], the Hawaii 
conjecture was proved only for a few particular cases. 

We remark that while the upper bound of the number of real zeros of Q was only conjectured 
recently, the lower bound was known a long time ago, at least in the following special case: 

Problem 133 ([Si)- Let the real polynomial f{x) have only real zeros and suppose that the poly- 
nomial f{x) + a, where a £ M\{0}, has 2m nonreal zeros. Prove that the equation (/'(x))^ — 
f{x)f"{x) — af"{x) = has at least 2m real roots. 

If p{z) = f{z) + a, then it follows that p has only simple zeros and exactly 2m nonreal zeros. 
Moreover, p' = f has only real zeros. By Problem 133, Q associated with the polynomial p{z) = 
f{z) + a has at least 2m real zeros. In fact, Q has exactly 2m real zeros |3l Theorem 1]. The hint 
provided for Problem 133 in [9] suggests using Rolle's Theorem. This approach ultimately leads us 
to a more precise result, namely, the following proposition. 

Proposition 1. Suppose that the polynomial p has 2m nonreal zeros and its derivative p' has 2mi 
nonreal zeros, then Q has at least 2m — 2mi real zeros. 

Thus, the lower bound of the number of real zeros of Q can be easily determined. Unfortunately, 
even this simple fact was not well known. We establish this lower bound in Theorem [2] (see (|1.154p 
and Remark ll.l4p . 

In Section [H we prove our main result. Theorem [2l which provides the bounds of the number 
of critical points of the logarithmic derivative of a real entire function ip £ C — V* (Definition [2]) 
possessing property A (Definition [5]) . In Section [21 we prove the Hawaii conjecture (Theorem [8|) for 
real entire functions in the class C — V* using Theorem [2] and one technical result. Theorem [71 

1 Bounds on the number of real critical points of the logarithmic 
derivatives of functions in C — V* 

In this section, we need the following definitions. 

Definition 1 ([10|, I12j). The function ip is said to be in the Laguerre-Polya class, ip £ C — V , if 
where c, /5, aj G M., j ^ 0, d is a nonnegative integer and ^ aj'^ < oo. 

Definition 2. The function (p is in the class C — V* if p> = pf where f & £, — V and p is a real 
polynomial with no real zeros. 

For 99 G £ — P*, by Zc{ip) we denote the number of nonreal zeros of counting multiplicities. 
If / is a real meromorphic function having only a finite number of real zeros, then Z^{f) will denote 
the number of real zeros of /, counting multiplicities. In the sequel, we also denote the number 
of zeros of the function / in an interval (a, 6) and at a point a E M by -Z'(a,6)(/) ^{a}{f)y 
respectivelj0. Generally, the number of zeros of / on a set X will be denoted by Zx{f ). 
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Let (p E C — V* . Between any two consecutive real zeros, say a and b, a < b, of f, (p' has an 
odd number of real zeros (and a fortiori at least one) by Rolle's theorem. Counting all zeros with 
multiplicities, suppose that ip' has 2r + 1 zeros between a and b. Then we will say that ip' has 2r 
extra zeros between a and b. If (p has the largest zero ai (or the smallest zero as), then any real 
zero (p' in (0^,00) (and in {—00, as)) is also called an extra zero of ip'. The total number of extra 
zeros of (/?', counting multiplicities, will be denoted by E{ip'). 

Remark 1.1. The multiple real zeros of (p are not counted as real extra zeros of ip' . 

Remark 1.2. Let 99 be a real polynomial of degree n ^ 1, and suppose that (/? has exactly 2m 
nonreal zeros. Then 

^((^/) ^ / ^c(¥') - Zc{p'), if n > 2m, 
[ Zciip) - Zc{<p>') - 1, if n = 2m. 

This fact will be used in the proof of Theorem [3l 

For the reader's convenience, we recall the fact proved in [31 Lemma 3, p. 411] that the following 
inequalities hold iov ip ^ C — V* . 

Zciv) ^ E{ip') + Zc{^') ^ Zci'p) + 2. (1.2) 

However, if (p has an infinite number of real zeros, then a tighter upper bound can be established 
(see fl p. 325]): 

Zciip) ^ E{p') + Zc{p') ^ Zc{p>') + 1. (1.3) 
Let ip ^ C — V* and let the function Q = Q[ip\ associated with ip be defined as 

Qiz) = gM(.) = - = . (1.4) 

We note that if ip{z) = Ce^^, where C, /3 S M, then Q{z) = 0. Hence, we adopt the following 
convention throughout this paper. 

Convention. If ip £ C — V* , then ip is assumed not to be of the form ip{z) = Ce^^, C, /? G M. 

With this convention, we set out to prove that Q has only finitely many real zeros. This fact is 
essentially known from [3J, but we still include the proof for completeness. Note that this is obvious 
if p has a finite number of zeros. Here is a proof for the general case. 

Theorem 1. Let ip £ C — V* . Then the function Q has finitely many real zeros. 

Proof. By definition, (/p is a product ip = pip, where ip £ C — V and p is a real polynomial with no 
real zeros. Let degp = 2m ^ 0. 

If m = 0, then p{z) = const. In this case, ip £ C ~ V. But it is well known (see, for example, ^ 
13]) that the logarithmic derivative of a function from the Laguerre-Polya class is a decreasing 
function on the intervals where it has no poles. Therefore, Q{z) < for any real z, which is not a 
pole of this function. Thus, if m = 0, then Q has no real zeros. 

We assume now that m > 0. Observe that 

Q = Qiv] = QM + Qii^]- 
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From this equality it follows that ah zeros of Q are roots of the equation 

Q[p\{z) = -Qmz). (1.5) 
It is easy to see that if p{z) = a^z^^ + . . . (ao / 0); then 



Q.(.)=QMM = iL(^l = ^'-^^':;-f . (1.6) 



This formula shows that Q[p](2;) — > —0 whenever z ±00. Consequently, there exist two real 
numbers ai and 02 (ai < 02) such that Q[p](2;) < for 2; E (— oo,ai] U [02, +00). But since 
tjj E jC — V , we have (5[V'](2:) < for z G M as we mentioned above. Thus, the right hand side of the 
equation (|1.5|) is positive for all z G M but its left hand side is negative for all z £ (—00, ai]U[a2, +cxd). 
Therefore, all real roots of the equation (|1.5p and, consequently, all real zeros of the function Q 
belong to the interval (ai, 02), and Q{z) < outside this interval. Since real zeros of a meromorphic 
function are isolated, Q has only finitely many real zeros, as required. □ 

Later (see Corollary [2]) we show that the number of real zeros of the function Q is even. 
Analogously to p.4p . we introduce the related function 

d_ ^ ip'iz)cp"'iz) - {^"{z)f 

dz V ^'{z) ) {ip'{z)) 

To expedite our presentation, we also introduce the following definition. 

Definition 3. Let ip £ C — V* and let a be a real zero of ip. Suppose that Pi and 132, (3i < a < (32, 
are real zeros of ip' such that (p'{z) 7^ for z £ {(3i, a) U (a, (32)- The function <p is said to possess 
property A at its real zero a if Q has no real zeros in at least one of the intervals (/3i,a) and 
{a, (32)- If Oi is the smallest zero of (p, then set f3i = —00, and if a is the largest zero of ip, then set 
P2 = +00. 

Definition 4. A function <p £ C — V* is said to possess property A if ip possesses property A at 
each of its real zeros. In particular, ip without real zeros possesses property A. 

At the end of this section, we prove the following theorem, which provides bounds for the number 
of real zeros of Q. 

Theorem 2. Let ip £ C — V* and suppose that ip has exactly 2m nonreal zeros. If the function ip 
possesses property A, then 

2m - 2mi ^ Zr (Q) ^ 2m - 2mi + (Qi) , (1.7) 
where 2mi = Z£(ip') and the functions Q and Qi are defined in (jl.4p and (|1.6p . 

Before we establish Theorem [2l we prove a few lemmas and their corollaries. For a given 
function ip, by F and Fi we will denote the following functions 

Fiz) = ip{z)ip"{z) - {ip'izf , Fiiz) = ip\z)ip"\z) - {ip"{z))\ (1.8) 

At first, we estimate the parities of the numbers of real zeros of Q in certain intervals and on 
the real axis. 
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Lemma 1. Let (p ^ C — V* and let (3i and P2 be two real zeros of if' . 

I. If (3i and (32 are consecutive real zeros of ip' , and (p{z) ^ for z E (/3i,/32)j then Q has an 
odd number of real zeros in {Pi,f32), counting multiplicities. 

II. // (3i and P2 o-f^ two real zeros of f' such that (p has a unique real zero a in (/3i,/32) <ind 
ip'{z) 7^ for z S U (a, /32), then Q has an even number of real zeros, counting 

multiplicities, in each of the intervals {Pi, a) and (a,/32)- 

Proof. I. In fact, since p' /(p equals zero at the points Pi and P2, its derivative, the function Q, 
has an odd number of zeros in {Pi,P2) by Rolle's theorem. 

II. If a is a zero of p of muhiphcity M ^ 1, then p{z) = {z — a)'^^ip{z), where ip{a) 7^ 0. Thus, we 

, _ M , ^P{z)r{z) - (Vy(z))2 
^ (z-a)2+ 

Consequently, for all sufficiently small e > 0, 

Q{a±e)<0. (1.9) 

Thus, p' /p is decreasing in a small left-sided vicinity of a, and ip' (z) / p(z) —00 whenever z y a. 
Since p'/p equals zero at Pi, its derivative, the function Q, must have an even number of zeros in 
{Pi, a) by Rolle's theorem. 

By the same argumentation, Q has an even number of zeros in {a,P2)- □ 

Lemma 2. Let ip £ C — V* . If p has the largest zero ai {or the smallest zero as), then Q has an 
even number of real zeros in (a/,, +00) (or in (—00,05)), counting multiplicities. 

Proof. The inequality ()1.9p holds for any real zero of p, consequently, Q is negative for z suf- 
ficiently close to (or to as). But it was already proved in Theorem [1] (see also (3.11) in O 
p. 415] and subsequent remark there) that Q{z) < for all sufficiently large real z. Therefore, 
Q has an even number of zeros in (0^,-1-00) (and in {—00, as) if p has the smallest real zero as), 
counting multiplicities, since Q{z) is negative for all real z sufficiently close to the ends of the 
interval {aL,+oo) (or of the interval (—00,05)). □ 

If additional information on the number of real zeros of p' is available, then Lemma [1] and 
Lemma [2] can be used to derive the following sharper result. 

Corollary 1. Let p £ C — V* and suppose that p has the largest zero ai and p' has exactly r extra 
zeros, counting multiplicities, in the interval {aL,+oo). If Pl is the largest zero of p' in (a/,, +00), 
then Q has an odd {even) number of real zeros in {Pl, +00) whenever r is an even {odd) number. 

Proof. Let p' have / ^ r distinct zeros, say Pi < P2 < ■ ■ ■ < Pi = Pl, in the interval (q^, +00). Ac- 
cording to Lemma [21 Q has an even number of real zeros in (a^, +00), counting multiplicities. But 
from Lemma[T]it follows that Q has an even number of real zeros in {aL,Pi), counting multiplicities, 
and an odd number of real zeros, say 2Mj + 1, in each of the intervals {Pi, Pi+i) {i = 1,2, . . . ,1 — 1). 
Hence, Q has exactly X^ti (2-^j + 1) real zeros, counting multiplicities, in U!=i {PiiPi+i)- 

Moreover, from (jl.4p it follows that /3 is a zero of Q of multiplicity M — 1 whenever /? is a zero of 
p' of multiplicity M. Consequently, in our case, Q has exactly r—l real zeros, counting multiplicities. 
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at the points Pi that are multiple zeros oiip'. Thus, Q has r — l + Y^^jZ\ (2Mj + 1) = t — 1 + 2Mi 
real zeros, counting multiplicities, in the interval [i3i,(3l]. Therefore, if r is an even (odd) number, 
then Q has an odd (even) number of real zeros in (aL,/?^]. Recall that Q has an even number of 
zeros in (ol, Pi) by LemmalU Consequently, Q has an odd (even) number of real zeros in {(5l, +oo), 
since Q has an even number of real zeros in {ol, +oo), according to Lemma [2j □ 

Remark 1.3. Corollary [1] is valid with respective modification in the case when if has the smallest 
zero as- 

So far, we have considered semi-infinite intervals, our next statement addresses the entire real axis. 

Corollary 2 (Craven-Csordas-Smith [3], p. 415). If if £ C — V*, then the function Q associated 
with if has an even number of real zeros, counting multiplicity. 

Proof. In fact, if ip has no real zeros, then Q has no real poles, and the number Z^{Q) is even, 
since Q{z) < for all sufficiently large real z. 

If (p has only one real zero a, then, according to Lemma [21 Q has an even number of zeros in 
each of the intervals (— oo, a) and (a, +oo). Thus, Z^{Q) is also even in this case. 

Let ip have at least two real zeros. If aj and Oj+i are two consecutive zeros of if, then, according 
to (jl.9p . Q has an even number of zeros, counting multiplicities, in the interval {aj,aj^i). If (p has 
the largest (or/and the smallest) real zero, say ai {cts), then, by Lemma [21 Q has an even number 
of real zeros, counting multiplicities, in (a^, +oo) (and in (— oo, as))- Therefore, the number Zr{Q) 
is even. □ 

Remark 1.4. Analogously, the function Qi associated with a function in the class C — V* has an 
even number of real zeros, counting multiplicities, since the class C — V* is closed with respect to 
differentiation [3]. 

The following lemma is the first in a series of lemmata that estimate the number of real zeros 
of Q on a finite interval, given specific information on (p, ip' , ip" and Qi. 

Lemma 3. Let (p G C — V* and let a and b be real and let (p{z) ^ 0, (p'{z) ^ 0, ^"{z) ^ 0, 
Qi{z) ^ in the interval {a,b). 

I. //, for all sufficiently small 6 > 0, 

^'{a + 6)^"{a + 5)Q{a + 5)Qi{a + 6) > 0, (1.10) 

then Q has no real zeros in (a, b] . 

II. //, for all sufficiently small 6 > 0, 

^'{a + 6)^"ia + 5)Q{a + 5)Qi(a + 5) < 0, (1.11) 

then Q has at most one real zero in {a,b), counting multiplicities. Moreover, if Q{C) = for 
some C, G {a,b), then Q{b) 7^ {if Q is finite at b). 

Proof. The condition 'p>{z) 7^ for z G (a, b) means that Q is finite at every point of (a, b). 
If C G (a, h) and Q(C) = 0, then F(C) = and implies 

.'(C) ^^^^ (1.12) 
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Now we consider Fi. From (jl.Sp and (jl.l2p it is easy to derive that 

= ^ [v^(C)/"(C) - /(C)/'(C)] = ^^'(0- 



(1.13) 



Since ^'{z) / 0, '^"{z) / 0, Qi{z) ^ (and therefore Fi{z) / 0) in (a, h) by assumption, from (jl.lSp 
it follows that C is a simple zero of Q. That is, all zeros of Q in (a, h) are simple. 

I. Let the inequality (ll.lOp hold. Assume that, for all sufficiently small 5 > 0, 

ip\a + 5)ip"{a + 5)Qi{a + 5)>f), (1.14) 

then Q{a + 5) > 0, that is, F{a + 6) > 0. Therefore, if Q is the leftmost zero of Q in {a,b), then 
F'(Q < 0. This inequality contradicts ()1.13p . since 

ip'{z)ip"{z)Qi{z)>0 

for z G {cL,b), which follows from (I1.14P and from the assumption of the lemma. Consequently, 
Q cannot have zeros in the interval (a, b) if the inequalities (jl.lOp and (jl.l4p hold. In the same 
way, one can prove that if (p'{a + 5)(p"{a + 5)Qi{a + 5) < for all sufficiently small 6 > and if the 
inequality (|1.10p hold, then Q{z) 7^ for z € (a, b). 

Thus, Q has no zeros in the interval (a, b) if the inequality (ll.lOp holds. Moreover, it is easy to 
show that Q{b) / as well. In fact, if F{b) = 0, then, for all sufficiently small e > 0, 

sign - £)) = sign(F'(6 - e)) (1.15) 

according to (jl.lSp . But if the inequality (jl.lOp holds, then 

sign - ^)) = sign(F(6 - e)) (1.16) 

for all sufficiently small e > 0, since ip'{z) ^ 0, ip"{z) ^ 0, Qi{z) 7^ in the interval (a, 6) by 
assumption and since Q{z) ^ in (a, b), which was proved above. So, if the inequality (jl.lOp holds 
and if F{b) = 0, then from (jl.lSp and (jl.l6p we obtain that 

F{b - e)F'{b - e) > 

for all sufficiently small e > 0. This inequality contradicts the analyticit}{l of the function F. 
Therefore, if the inequality (jl.lOp holds and if Q is finite at the point 6, then Q{b) / 0. Thus, the 
first part of the lemma is proved. 



■^If a function / is analytic at some neighborhood of a real point a and equals zero at this point, then, for all 
sufficiently small e > 0, 



/(a-e)/'(a-e) <0. 
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II. Let the inequality (jl.lip hold, then Q can have zeros in {a,b). But it cannot have more than 
one zero. In fact, if C is the leftmost zero of Q in (a, b), then this zero is simple as we proved above. 
Therefore the following inequality holds for all sufficiently small e > 



Remark 1.5. Lemma[3]is also true if (a, 6) is a half-infinite interval, that is, (a, +00) or (—00,6). 

Lemma [3] addresses the case of a finite interval and Remark ll.Sl the case of a half-infinite interval. 
Our next statement concerns the entire real line. 

Corollary 3. Let f £ C - V* . Ifip'{z) / 0, ^"{z) ^ 0, Qi{z) / /or z G M, then Z^{Q) = 0, i.e. 
Q has no real zeros. 

Proof. The function (p may have real zeros. But by Rolle's theorem, ip has at most one real zero, 
counting multiplicity, since ip'{z) 7^ for 2; G M by assumption. 

If 'p{z) 7^ for 2: G M, then, by Lemma E] applied on the real axis, Q has at most one real zero. 
But by Corollary [21 the number of real zeros of Q is even. Consequently, Z^{Q) = 0. 

If 93 has one real zero, counting multiplicity, say a, then a is a unique pole of Q. Moreover, 
since ^"{z) 7^ for z G M by assumption, the function ifp" changes its sign at a and, therefore, 
ip{z)ip"{z) < in one the intervals (—00, a) and (q,-|-oo). Consequently, by (jl.4p . Q{z) ^ 
in one of the intervals (—00,0;) and (a,-|-oo). Without loss of generality, we may suppose that 
^{-oo,a]iQ) = 0- Then according to Lemma [3] and Remark 11.51 we obtain that Q has at most one 
zero in the interval (a, -|-oo). But the number of real zeros of Q is even by Corollary [21 and Q 
has no zeros in the interval (—00, a]. Therefore, Q cannot have zeros in the interval (a,-|-oo), so 
Zm.{Q) = 0, as required. □ 

Thus, we have found out that Q has at most one real zero, counting multiplicity, in an interval 
if the functions 99, cp' , cp" and Qi have no real zeros in this interval. Now we study the multiple 
zeros of Q and its zeros common with some other above-mentioned functions. From ()1.4p it follows 
that all zeros of p' of multiplicity at least 2 are also zeros of Q and all zeros of ip' of multiplicity 
at least 3 are multiple zeros of Q. The following lemma provides the information about common 
zeros of Q and Qi. 

Lemma 4. Let ip €z C — V* and let a and b be real and let (p{z) ^ 0, 'p'{z) ^ 0, 'p"{z) ^ in the 
interval {a,b). Suppose that Qi has a unique zero ^ G {a,b) of multiplicity M in {a,b). IfQ{C) = 0, 
then ^ is a zero of Q of multiplicity M + 1, and Q{z) 7^ for z G (a, ^) U (^, b]. 

Proof. The condition (p{z) 7^ for z G {a,b) means that Q is finite at every point of (a, 6). 

By assumption, ^ is a zero of Fi of multiplicity M and -F(^) = 0. First, we prove that ^ is 
a zero of F of multiplicity Af + 1. 

Since (p'{z) 7^ for z G (a, b) by assumption, from (|1.8p it follows that 



^'{C + e)^"{C + e)Q{C + e)Qi{C + e)>0. 



Consequently, Q has no zeros in (C, b] according to Case I of the lemma. 



□ 




^{z)^"iz) F{z) 



ip'{z) ip'{z)' 
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Substituting this expression into the formula (jl.Sp . we obtain 



^ ^{z)^"{zW"{z) _ ^'{z)^"{zW{z) _ F{z)^'"{z) 

' ^'{z) V'{z) ^'{z) 

_^"{z) p,^^^ F{zW"{z) 



(p'{z) (p'{z) 
or, equivalently, 



since ^"{z) ^ for z G (a, 6) by assumption. Differentiating this equality j times with respect to 
we get 

ip\z) ^ , \ _ ( F{z) ^ 



Fi{z) = —y- . (1.17) 

From (fLTTD it follows that F^^-^^\C) = if if'iO / 0, (/p"(0 / 0, Ff^(^) = and F»(e) = 0, 
i = 0, 1, . . . , j. Consequently, is a zero of F of multiplicity at least M + 1. But by assumptions, 
the formula (|1.17p gives the following equality 

Hence, ^ is a zero of F of multiplicity exactly M + 1. But 7^ by assumption, therefore, ^ is 
a zero of Q of multiplicity M + 1 . 

It remains to prove that Q has no zeros in (a, 6] except ^. In fact, consider the interval (a, ^). 
According to Lemma [3l Q can have a zero at ^ only if the inequality (ll.lip holds and Q{z) 7^ 
for z G (a, 0- Furthermore, the function ip'(p" does not change its sign at ^ but the function QQi 
does, since ^ is a zero of QQi of multiplicity 2M + 1. Thus, for all sufficiently small 6 > 0, 

f'ic + ^Wii + mii + + <5) > 0, (1.18) 

since the inequality (jl.lip must hold in the interval (o, ^) by Lemma [3l From (jl.lSp it follows that 
Case I of Lemma [3] holds in the interval (.^, h), so Q{z) 7^ for z E (^, 6]. □ 

Remark 1.6. Lemma H] remains valid if (a, &) is a half-infinite interval, that is, (a, +00) or (— cxd,6). 

Corollary 4. Let (p G C — V* and let (p'{z) 7^ 0, ^"{z) 7^ for z G M. If Qi has only one real zero, 
then Q has no real zeros, i.e. Z^(Q) = 0. 

Proof. As in Corollary [3l we note that if has at most one real zero by Rolle's theorem. 

Case I. Let ip{z) 7^ for z G M and let ^ be a unique real zero of Qi. By Corollary [2] (see Remark [1.4p . 
^ is a zero of Qi of even multiplicity 2M. In this case, the number ^ cannot be zero of Q. In fact, 
if QiO = 0) then, by Lemma H] applied on the real axis, ^ is a unique real zero of Q of multiplicity 
2M + 1, that is, %}((5) = Z^iQ) = 2M + 1. This contradicts Corollaryd So, Q{0 + 0. 

Since ^ is a unique real zero of Q\ of even multiplicity, Q\ has equal signs in the intervals (—00, ^) 
and (^,+00). By Lemma [3] applied to these intervals, Q can have at most one zero in each of the 
intervals (—00,^) and (^,-|-cxd). But if Q has a zero in the interval (—00,^), then Qi^z^ 7^ 
for z € (^,+00). In fact, if C £ (~cxd,^) is a zero of Q, then is simple zero of Q by Lemma [3l 
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Moreover, Q{z) ^ for z S (C)C]) since (see the proof of Lemma[3]), for all sufficiently small 6 > 0, 
we have 

+ s)'p"{( + mic + miic +s)>o. (1.19) 

But the functions 93', ip" , Q and Qi do not change their signs at ^, therefore, we have the in- 
equality (|1.19p in a small right-sided neighborhood of ^. Consequently, Q{z) 7^ in (^, -|-oo) by 
Lemma [3l 

Thus, if Q has real zeros, then it has at most one zero in one of the intervals (—00, ^) and +00), 
that is, Z^{Q) ^ 1. Now Corollary [2] implies Z^{Q) = 0. 

Case II. If (f has one real zero, counting multiplicity, say a, then a is a unique pole of Q. In this 
case, as in the proof of Corollary [3l one can show that Q{z) 7^ in one of the intervals (—00, a) 
and (a,-|-oo). Without loss of generality, we may assume that Q{z) 7^ for z e (—00, a], that is, 
Z{-oo,a]{Q) = 0- Then by Corollary [2l the number Z(^a,+oo){Q) is even. 

Let ^ be a unique real zero of Qi and G (—00, a], then, by Lemma [3] (see Remark I l.Sp . Q has 
at most one zero in (a,-|-oo). Since ■Z'(a^+oo)(Q) is an even number, Zk{Q) = 0. 

If ^ € (a, -|-oo), then, by the same argument as in Case I, one can show that ^(a,+oo)(Q) = 0- 
Therefore, Z^{Q) = 0, since ■Z'(_oo,a] (Q) = by assumption. □ 

We now provide a general bound on the number of real zeros of Q in terms of the number of 
real zeros of Qi in a given interval. 

Lemma 5. Let (p ^ C — V* and let a and b be real. If Lp{z) 7^ 0, 95' (z) 7^ and ^"{z) 7^ for 
z E (a, 6), then 

^(a,fe)(Q) ^ l + ^(a,b)(Ql)- (1-20) 

Proof. If p>{z)ip"{z) < in (a, 6), then Q(z) < for z G (a, by ([OI), that is, Z(a,h){Q) = 0. 
Therefore, the inequality (jl.20p holds automatically in this case. 

Let now (p{z){p"{z) > for z G {a,b). If Qi{z) 7^ in (a, 6), then, by LemmaO Q has at most 
one real zero, counting multiplicity, in {a,b). Therefore, ()1.20p also holds in this case. 

If Qi has a unique zero ^ in {a,b) and Q{£,) 7^ 0, then, by Lemma [3l Q has at most one real 
zero in each of the intervals (a,.^) and {S,,b): 

Z^a,0iQ) ^^ + Zia,i)iQl), (1-21) 

where Z(^a,^){Qi) = 0? and 

%b)(Q) ^ l + %fe)(Qi), (1.22) 
where Z(g;,)((5i) = 0. But since Q{S,) 7^ and Qi{S,) = 0, we have 

= %|(Q) ^ -l + %}(Qi). (1.23) 

Thus, summing the inequalities (|1.2ip - ()1.23p . we obtain (|1.20p . 

If Qi has a unique zero ^ in (a, b) and Q{S,) = 0, then, by Lemma [U we have 

%}(Q) = i + %}(Qi), 

and Q{z) 7^ for z £ (a, ^) U (^, b). Therefore, the inequality (|1.20p is also true in this case. 
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Now, let Qi have exactly r ^ 2 distinct real zeros, say ,^1 < ^2 < • • • < Cr, in the interval (a, b). 
These zeros divide (a, 6) into r + 1 subintervals. If, for some number i, 1 ^ i ^ r, Q{£,i) 7^ and 
Q(^i_i) / (if i 7^ 1), then, by Lemma [3l Q has at most one real zero, counting multiplicity, 

de f 

in {Co = 0.). But Qi has at least one real zero in counting multiplicities (at the 

point Ci). Consequently, 

(Qi) (1-24) 

If, for some number i, 1 ^ i ^ r — 1, Q{£,i) = and is a zero of Qi of multiplicity M, then, by 
LemmaHl Q has only one zero ^ of multiplicity M + 1 in (^j_i, ^j+i]. But in the interval (^j_i, ^j+i], 
Qi has at least M + 1 real zeros, counting multiplicities (namely, which is a zero of multiplicity 
M, and ^i+i). Therefore, in this case, the following inequality holds 

%,_„^.+,](Q)^%_„C,+.](Qi) (1-25) 
Thus, if QiCr) + 0, then from (fL24l) - (fL25l ) it follows that 

^{a,5.](Q)^^{a,c.](Qi)- (1-26) 

But by Lemma [3l Q has at most one real zero, counting multiplicity, in the interval (^r, b). Conse- 
quently, if Q{Cr) 7^ 0, then the inequality (|1.20p is valid. 

If QiCj-) = 0, then, by Lemma HI (5(Cr-i) / (otherwise, cannot be a zero of Q) and 
from (fOil) - (fr25|) it follows that 

^(a,€._,](Q)^^(«.,S._,](Qi). (1.27) 

Now Lemma m implies 

%_i,6)(Q) = l + %..i,fe)(Qi), (1-28) 
therefore, the inequality (fOnll follows from (fL27l) ~ (fr28]l . □ 

Remark 1.7. Lemma [5] is also true if (a, 6) is a half-infinite interval, that is, (a, -|-oo) or (— cxd,6) 
(see Remarks 11.51 and II. 6p . 

We are now in a position to establish an analogous relation between the number of real zeros 
of Q and Qi on the real line. 

Corollary 5. Let ip e C - V* . Ifip'{z) / 0, ip"{z) / /or z G M, then 

^ Z^iQ) ^ Z^iQi). (1.29) 

Proof. As in Corollary [Sj we note that (p has at most one real zero, counting multiplicity, by 
Rolle's theorem. 

Case I. Let 93(2;) 7^ for z G M. Then we can apply Lemma [5] (see also Corollaries [3] and H]) on the 
real axis to obtain 

0^Zk(Q)^1 + Zm(Qi), (1.30) 

that is equivalent to ()1.29p . since the numbers Z^{Q) and Zk{Qi) are both even by Corollary [2] 
and Remark 11.41 

Case II. If if has one real zero, counting multiplicity, say a, then a is a unique pole of Q. In this 
case, as in the proof of Corollary [3l one can show that Q{z) 7^ in one of the intervals (—00, a) 
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and (a, +00). Without loss of generality, we assume that Q{z) 7^ for z G {—00, a]. Then by 
Corollary [21 the number -2^(0, +00) (Q) is even and the following inequality holds 

0=%oo,a](Q) ^%oo,a](Ql)- (1-31) 

By Lemma [5] (see Remarks 11.51 [L6] and [T77\ . we obtain 

^ %,+oo)(Q) ^ 1 + ^(a,+oo)(Ql)- (1-32) 

The inequalities ()1.3ip - (|1.32p imply (jl.30p . which is equivalent to (jl.29p as we showed above. □ 

We now embark on a more detailed analysis of the zeros of ip, (p' , and ip". For convenience, we 
use aj to denote the zeros of (p, f3j to denote the zeros of ip' , and 7j to denote the zeros of (p" . We 
have already used this convention in Lemma [H Lemma [2] and their Corollaries. In the following 
lemma, we consider an arbitrary pair of zeros of <p" , so we denote them by 7^^\ 7^^^. 

Lemma 6. Let Lp G C — V* and let 7^-'^) and 7'-^^ 7^"*^^ < 7^^^ he real zeros of (p" such that 
<^{z) 7^ and (p'{z) 7^ for z G [7^^^7^^^] and suppose that (p" has exactly q ^ 2 zeros, counting 
multiplicities, in the interval [7^^^ 7'-^-']. Then Q has an even number of zeros in [y^^\j^'^'^] and 
one of the following hold: 

I. // q is an odd number, then 

^ Z[^(i)^^(2)](Q) ^ (1.33) 

II. If q is an even number and (p{j^^^ — e)ip"{'y^^^ — e) > for all sufficiently small e > 0, then 

^ Z[^(i),^(2)](g) ^ -1 + Z[^(i),^(2)](Qi). (1.34) 

III. If q is an even number and ^{j^^^ — e)(p"{j^^^ — e) < for all sufficiently small e > 0, then 

^ Z[^(i),^(2)](Q) ^ 1 + Z[^(i),^(2)](Qi). (1.35) 

Proof. We assume that ip" has exactly r ^ q distinct zeros in the interval [7^^\7''^^], say 7^^^ = 
7i < 72 < • • • < 7r-i < 7r = 7*-^^- Below in the proof, we denote the interval [7*-"'^\ 7*-^-'] by [71, 7r]. 
From ()1.4p it follows that 

Q(7.) = < 0, (1.36) 

since ip{z) ^ and ip'{z) 7^ in [71, 7r] by assumption. Thus, Q has an even number of zeros in 
the interval [71, 7r]. 

I. Let q be an odd number. 

If {p{z)ip"{z) ^ for z G [71, 7r], then, by (|1.4p . we have the inequalities 

= ^[7l,7r](<3) ^ ^[7l,7r](Ql)' 

which are exactly (jl.33p . 

If, for some i, 2 ^ i ^ r, ip{z)(p"{z) > in the interval (7j_i,7j), then, by LemmaO we have 

%_l,7.)(Q)^l + ^(7.-i,7.)(Ql)- (1-37) 

Moreover, there can be only two possibilities: 
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1.1. If the number 7j is a zero of Lp" of even multiplicity (at least two), then, according to (jl.6p . 
7j is a zero of Q\ of multiplicity at least one, but Qiji) 7^ by ()1.36p . From these facts and 
from the inequality (|1.37p we obtain 

%,_„7.](Q)^%-i,7.](Qi)- (1-38) 

For the sequel, we notice that, in this case, (p" has an even number of zeros, counting multi- 
plicities, in the interval (7i_i,7j]. 

1.2. If the number 7j, i < r, is a zero of ip" of odd multiplicity (at least one), then ip(z)(p"{z) is 
nonpositive in [74,74+1], so Q{z) 7^ in this interval by (jl.4p . But Qi has an odd number (at 
least one) of real zeros in (7j,7j+i) according to Lemma [T] applied to Qi, therefore, 

= ^{7.,7.+l](Q) ^ ^(7.7.+i](^3l) - 1. (1.39) 

This inequality and the inequality (I1.37P imply 

^{7.-l,7,+i](Q)^^(7,-i,7.+ i](Ql)- (1-40) 

Suppose that 7j, i + 1 ^ j ^ r, is the next zero of ip" of odd multiplicity, i.e., we assume that 
the multiplicity of each of 7i+i, . . . , 7j-i is even, while the multiplicity of 7j is odd. Then we 
have ip{z)ip"{z) ^ and, therefore, Q{z) < for z G (7j_|_i,7j] according to (jl.4p . But by 
Lemma [1] applied to Qi on the intervals (72+1,74+2); • • • , (7i-i)7j)) Qi has at least j — i — 1 
zeros in (7^+1, 7^]. This fact and the inequality (jl.40p imply 

^(7.-i,7.](Q)^^(7,-i,7.](Ql)- (1-41) 

As well as in Case I.l, we notice that has an even number of zeros, counting multiplicities, 
in the interval (7j_i,7j]. It follows from the fact that ji and are zeros of ip" of odd 
multiplicities and 74+1, . . . ,7j-i are zeros of ip" of even multiplicities. 

Let /, 1 ^ / ^ r — 1, be an integer such that ip{z)ip"{z) is nonpositive in the interval [71, 7;] and 
positive in the interval (7^, 7/+1). Then by (|1.4p . Q{z) 7^ for z G [71, 7;], and we have the following 
inequality 

o = Z[^,,^,](g)^Z[^,,^,](gi), (1.42) 

since Qi has at least / — 1 (^ 0) zeros in [71,7;] by Lemma [T] applied to Qi on the intervals 
(7i,72),---,(7z~i,7z)- 

If 74- is a zero of (p" of even multiplicity or if ip{z)ip"{z) < in (7,.„i,74.), then the inter- 
val (7/,7r] consists only of the subintervals described in Cases I.l and 1.2. Consequently, from the 
inequalities pTSS]) . (fOT]) . pri2]) we obtain 

Z[^,,^^](Q)^Z[^,,^^](Qi). (1.43) 

Let 'jr be a zero of tp" of odd multiplicity and let ip{z)(p"{z) > in (74._i, 7,.) and let / ^ 2. Then 
the interval (7i,7r-i] consists only of subintervals described in Cases I.l and 1.2 and, therefore, 

%,7.-i](^3)^%,7.-i](Qi)- (1-44) 
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Moreover, since ^ ^ 2 by assumption, we have Q{z) 7^ for z G [71, 7i], but Qi has at least one zero 
in [71,7;] as we mentioned above. Consequently, in this case, we can improve the inequahty ()1.42p 
to the following one: 

= Z[^,,^,](Q)^Z[^,,^,](Qi)-l. (1.45) 

Furthermore, we have 

«S 1 + (1.46) 

by Lemma [5] and by the fact that (5(7r) / (see p.36p ). Summing the inequalities p.44p - (|1.46p . 
we again obtain (jl.43p . 

At last, let 7r also be a zero of of odd multiplicity and let if{z)(p"{z) > in (7^-1, 7^), but 
let 1 = 1. In this case, by the same reasoning as above, the inequalities (ll.44p (for / = 1) and ()1.46p 
hold. Recalling the final remarks in Cases I.l and 1.2, we conclude that (p" has an even number of 
zeros in the interval (71,7^-1]. Since (p" has an odd number q of zeros in [71, 7r] and 7^ is a zero 
of if" of odd multiplicity by assumption, 71 must be a zero of ip" of even multiplicity. But (jl.6p 
shows that every zero of (p" of even multiplicity is a zero of Qi of odd multiplicity. Consequently, 
7i is a zero of Qi of multiplicity at least one, and we have 

= Z{^,}(Q)^Z{^,}(Qi)-l. (1.47) 

Summing the inequalities (|1.44p . (|1.44p and (|1.47p . we also obtain the inequality (jl.43p . 

Thus, the number of zeros of Q in the interval [71, 7r] does not exceed the number of zeros of Qi 
in this interval. This implies the validity of the inequalities (jl.SSp where the lower bound cannot 
be improved, since the number of zeros of Q in the interval [71, 7r] is even as we showed above 
(see ([EM])). 

II. Now let q = 2M and 99(71 — 6)93" (71 — e) > for all sufficiently small e > 0. 

At first, we assume that one of the ji, i = 1, . . . , r, is a zero of if" of odd multiplicity. Let jj, 
1 ^ j ^ r-1, bd the closest to 71 (possibly 71 itself) zero of ip" of odd multiplicity. Since ip" has an 
odd number of zeros in the interval [71, 7j], ^" has different signs in the interval (7^, 7^+1) and in the 
left-sided neighborhood of 71, where ip{z)Lp"{z) is positive by assumption. Consequently, (p{z)(p"{z) 
is negative in (7^,7^+1), because ip{z) / for 2 G [71, 7r] by assumption. Hence, according to (|1.4p . 
Q{z) 7^ in the interval (7^,7^+1), and we have 

= ^(7„7.+.)(^3) ^ -1 + %„7.+i)(^?i)' (1-48) 

since Qi has an odd number (at least one) of zeros, counting multiplicities, in (7^, 7^+1) by Lemma[T] 
applied to Qi on the interval (7^,7^+1). On the other hand, inasmuch as ip" has an odd number 
of zeros, counting multiplicities, in both the intervals [71, 7j] and [7^+1, 7^], it follows from Case I 
thaE 

o^Z[^,,^^.](g)^Z[^,,^^.](gi), (1.49) 

■^Since (p" has an even number of real zeros in [71, 7r] by assumption, there is always even number of zeros of ip" of 
odd multiplicities in [71, 7r]. Thus, 7r cannot be the closest to 71 (and thereby the only) zero of ip" of odd multiplicity. 

*If 7j = 71 and 71 is a zero of ip" of multiplicity K > I, then 71 is a zero of Qi of multiplicity K — I according 
to (|1.6[) . If 71 is a simple zero of (fi" , then 71 is not a zero of Qi . In both cases, (|1.49|l reduces to the following inequality 
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0^%+i,7.]W)^%.+i,7.](^3i)- (1-50) 
The inequalities (|1.48p - p.50p together give the inequahty (|1.34p . 

Now we assume that ah ji, i = 1, . . . ,r, are zeros of (p" of even multipHcities. Therefore, 

1 ^ r ^ M (1.51) 

and if" has equal signs in all intervals (7j,7j+i), z = 1, . . . ,r — 1. Since ip{z)if"{z) is positive in a 
small left-sided neighborhood of 71 by assumption, it is positive in each of the intervals (7j,7j+i), 
i = 1, . . . , r — 1. Thus, we have 

O^ZxAQ) ^r-l + ZxAQi)<M -1 + Zx.iQi), (1.52) 

where Xi = Ui=i (7j) 7j+i)- Indeed, since Q{'yi) < for i = 1, . . . , r (see p.36p ). Q has an even 
number of zeros in each of the interval (7^, 7i+i). This fact implies the lower estimate in ()1.52p . The 
upper bound follows from Lemma [5] applied to the intervals (7,, 7^+1) and from (ll.Sip . Further, Qi 
has exactly 2M — r zeros, counting multiplicities, among the points X2 = Ui=i{7«}- Consequently, 
by (jl.5ip . we have 

Zx^{Qi) = 2M -r^M. (1.53) 
Now we note that [71, 7r] = Xi{]X2 and Zx^ (Q) = 0. Therefore, from (fL52]) - p33]) it follows that 

^ ^[^„^,,](Q) = ZxAQ) ^ M-1 + ZxAQi) = 

= M-l + Z[^^,^^](Qi)-Zx,(Qi) ^ -l + Z[^,,^,](Qi), 

where the lower bound cannot be improved, since Q has an even number of zeros in the inter- 
val [71, 7r] as we showed above (see (jl.36p ). So, the inequalities (|1.34p are also valid in this case. 

III. At last, let q = 2M and let 

¥.(71 -£)(/;" (71 - e) <0 (1.54) 

for sufficiently small e > 0. If 99" has zeros of odd multiplicities in the interval [71 , 7,-] , then this case 
differs from Case II only by the sign of the function ifip" in the interval (7^,7^+1), where is the 
closest to 7i (possibly 71 itself) zero of ip" of odd multiplicity. Thus, now we have ip{z)ip"{z) > 
in (7j,7j+i), since ip" has an odd number of zeros in [71, 7j] (see (ll.54p ). Therefore, instead of the 
inequalities (|1.48p of Case II, we have 

^ 1 + ^(7„7.+i)(^3i) (1.55) 

by Lemma [5l As in Cases I and II, the lower bound follows from (ll.36p . The inequalities (|1.49p . 
(fT30]) and (fL55]) imply (fL35D . 

If all 7j, i = 1, . . . , r, are zeros of ip" of even multiplicities, then ()1.54p implies ip{z)(p"{z) ^ in 
[71, 7r], so we have 

= Z[^,,^^](Q)^Z[^^,^„](Qi), (1.56) 

which also gives (|1.35p . □ 

Further, we derive a very useful bound on the number of real zeros of Q in terms of the number 
of real zeros of Qi between two consecutive zeros of ip' . 
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Corollary 6. Let ip ?i C — V* . If (3i and (32, (ii < (^2, are consecutive real zeros of if' and ip{z) ^ 
for z G {Pi,(32), then 

1 ^ 1 + (1.57) 

Proof. By Lemma [H Q has an odd number of zeros in the interval {Pi, (32), therefore, 

(1.58) 

According to Rolle's theorem, cp" has an odd number of real zeros, counting multiplicities, in the 
interval {Pi, (32)- Let 75- and be the smallest and the largest zeros of ip" in the (/3i,/32)- If 
7s < IL, then from Case I of Lemma [6] it follows that 

0^^[7.,7.](^?)^%s,7.](^3i)- (1-59) 

If Is = IL, then (see (I1.36P ) 

= Z{^^}(Q) ^Z{^^}(Qi). (1.60) 

Without loss of generality, we may assume that the function ip{z)'pi"{z) is positive in the inter- 
val {Pi, "Is)- Then Lp{z)ip"{z) < for z € {'^l,P2), since if" has an odd number of zeros in [75,7/,] 
and Lp{z) 7^ in {Pi,P2) by assumption. Thus, by (|1.4p . we have 

= %.,/32)(^?)^%.,/32)(Qi)- (1-61) 

We cannot improve this inequality, since Qi has an even number of zeros in {'^l,P2) by Lemma [T] 
applied to Qi on the interval {'^l,P2)- By LemmaO 

%i,7s)(Q)^l + %i,7s)(Qi)- (1-62) 
The inequalities (fL58|l - (fT:62]) imply (11371) . □ 

We now address the case when ip and 99' have no real zeros. In this case, the estimates (jl.34p - 
(jl.35p can be improved. 

Corollary 7. Let ip C ~V* and let ip{z) / 0, ip'{z) / for z £ R. Then the inequalities (|1.29p 
hold for ip. 

Proof. At first, we note that ip" cannot have an odd number of real zeros, counting multiplicities, 
if <f{z) 7^ for z G M. In fact, since (p €z C — V* has no real zeros by assumption, 'p{z) = e'^^^^p{z), 
where g is a real polynomial of degree at most two and p is a real polynomial with no real zeros. 
Therefore, degp is even. Since ip" has exactly degp + 2degg — 2 zeros, ip" has an even number of 
real zeros, counting multiplicities, or has no real zeros. 

If ip"{z) 7^ for 2; G M, then the inequalities (jl.29p follow from Corollary [5j 

Let ip" have an even number of real zeros, counting multiplicities, say 71 ^ 72 ^ ■ . . ^ 72r, r ^ 1. 
If 71 = 72r, then 71 is a unique real zero of (p" and its multiplicity is even. Consequently, 71 is a 
zero of Qi, according to ()1.6p . Therefore, the inequality (jl.36p implies 

= Z{^,|(Q) ^ -l + Z{^,}(Qi). (1.63) 
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Since Q{z) is negative when 2: = 71 (see ()1.36p ) and when z — > ±00, Q has an even number of zeros 
in each of the intervals (—00,71) and (71, +00). Then by Lemma [5] and Remark 11.71 the fohowing 
inequahties hold 

^ Z(_^,^^)(Q) ^ 1 + Z(_^,^^)(Qi), (1.64) 

^ ^{7l,+oo)(<5) ^ 1 + ^{7i,+oo)(Ql)- 

Together with (11.630 . these inequalities imply ()1.30p . which is equivalent to ()1.29p . since the numbers 
Zm.{Q) and Zk{Qi) are both even by Corollary [2] and Remark ll.4[ 

Let 71 < 72r and let Lp(z){p"{z) > for 2: G (—00,71). Then ip{z)(p"{z) > for z G (72r,+oo), 
since if" has equal signs in the intervals (—00,71) and (72r;+oo) and ip{z) 7^ for z G M by 
assumption. By Lemma [5] and Remark 11.71 the inequalities (jl.64p hold and 

^ Z(^,^,+,o)(g) ^ 1 + Z(^,^,+«,)(Qi). (1.65) 

Case II of Lemma [6] implies 

^ Z[^„^,,](Q) ^ -1 + ^[7x,72,.](Qi)- (1-66) 

Now from ()1.64p - (jl.66p we obtain the inequalities (jl.30p . which are equivalent to (jl.29p as we 
mentioned above. 

If 7i < 72r and ip{z)ip"{z) < for z G (—00,71), then (p{z)ip"{z) < for z G (72r,+oo). 
Therefore, by (jl.4p . the following inequalities hold 

= Z(_o,,^,)(Q) ^ Z(_^,^,)(Qi), (1.67) 

= Z(^,^,+,o)(Q) ^ ^(72.,+oo)(Ql)- (1.68) 

From Case III of Lemma [6] it follows that the inequalities (|1.35p hold in the interval [7i,72r] and 
together with (fLBTP - pTBS]) . they imply (fL30]l . which is equivalent to (fOOl) . □ 

We now analyze the relation between the number of real zeros of Q and the number of real zeros 
of Qi in an interval adjacent to a zero of if. This analysis justifies the introduction of property A 
(Definition ED. 

Lemma 7. Let if £ C — V* and let (3 he a real zero of ip' and let a > (3 he a real zero of ip such 
that ^'{z) 7^ and Lp{z) ^ for z G (/?,«)• 

I- If Qi has an even number of zeros in the interval (/3, a), then 

0^%,a)(Q)^%,a)(Ql). (1.69) 

II. If Qi has an odd numher of zeros in the interval {(3, a), then 

0^%,a)(Q)^l + %,«)(Qi). (1.70) 

Proof. According to Lemmadl Q has an even number of zeros in the interval (/3, a). In particular, 
Q can have no zeros in this interval. Thus, the lower bounds for Z(^p^^a){Q) iii (|1.69p and in (jl.70p 
are valid and cannot be improved. 

I. Let Qi have an even number of zeros in (/3i, a) (or have no zeros at all in this interval). 
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I.l. At first, we assume that has an even number of zeros, counting multiplicities, in (P,a), 
say /3 < 7i ^ . . . ^ 72M < where M ^ 0. It is easy to see that, for sufficiently small e > 0, 
we have the following inequality 

ip{p + e)ip"{f3 + e) <0. (1.71) 

In fact, if 93(2) is positive (negative) in (/3i, a), then it is decreasing (increasing), since 93(a) = 
0. Consequently, ip(z)Lp'{z) < in the interval {Pi, a). By the similar reason, we have 
v'iPi + ^)<^"(/?i + e) > for all sufficiently small e > 0. Thus, the inequality (jl.7ip is true. 

Let if" have zeros in the interval (/?,«), that is, let M > 0, then from (ll.7ip it follows that 
Q{z) / for 2; G (/3,7i) (see ([LlD), so we have 

= %,^,)(Q)^%,^,)(Qi). (1.72) 
If 71 < 72M) then by ()1.7ip and Case III of Lemma [Gj we obtain 

Moreover, from (jl.7ip it also follows that ip{z)ip"{z) < in (72M) ct), since ip" has equal signs 
in the intervals (/3, 71) and (72M,a)- Therefore, 

= ^(7w,a)(Q)^^(7w,a)(Qi)- (1-74) 

Let 7i = 72A/; that is, let 71 be a unique zero of tp" of multiplicity 2M in (/3, a). Since 
■^{71} (Q) = by ()1.36p and Qi has a zero of multiplicity 2M — 1 at the point 71 (see (11. 6|) ). 
we obtain the following inequality 

= Z{^,}(Q) ^ 1 + ^{^,}(Qi) = 2M. (1.75) 

Likewise, the inequality ()1.74p holds for the same reasoning as in the case 71 < 72M • 
Thus, the inequalities p.72|] - ()1.75p imply 

0^%,a)(Q)^l + %,«)(Qi), (1.76) 

which is equivalent to (jl.69p . since the number Z(^p^a){Q) is even by Lemma [Hand a){Qi) 
is an even number by assumption. 

At last, let ip"{z) / for z G {P,a). Then from pTTT]) and ([Li]) it follows that 

= %,a)(Q)^%,„)(Ql), (1.77) 

which is exactly ()1.69p . 

Since Qi has an even number of zeros in the interval (/3, 71) by Lemma [1] and Qi also has 
an even number of zeros in (/3, a) by assumption, Qi can have no zeros in these interval^. 
Consequently, the inequalities (I1.72P and (|1.77p cannot be improved. 

^The function Qi can have no zeros in (/3, a) only if (p" has no zeros in this interval. Otherwise, Qi has zeros in 
q) by Lemma [1] applied to Qi, since ip" has an even number of zeros in this interval by assumption. 
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1.2. Now we assume that 99" has an odd number of zeros, counting multiphcities, in the inter- 
val a), say /3 < 71 ^ . . . ^ 72M+1 < where M ^ 0. As in Case I.l, the inequahties (jl.Tip 
and (fTTT^D hold. 

If 71 < 72A/+1j then from Case I of Lemma [6] it follows that 

^ ^[7i,72A/+i](Q) ^ ^[7i,72M+i](Ql)' 

If 71 = 72Af+i! that is, 71 is a unique zero of ip" of multiplicity 2M + 1 in the interval a), 
then = (see ()1.36p ) and Qi has a zero of multiplicity 2M at the point 71 (see (II. 6p ). 

Therefore, we have 

= Z|^,|(Q)^Z{^,|(Qi) = 2M. (1.79) 

We note that ip{z)(p" {z) > in (72A/+i,a), since has different signs in intervals (/3, 71) 
and (72Af+i,a) and the inequality (jl.Tip holds. Therefore, by Lemma [5l we have 

^ %,M+i,a)(Q) ^ 1 + Z(^,,,+„«)(gi). (1.80) 

Since Q has an even number of zeros, counting multiplicities, in each of the intervals (/3, a) and 
(/3, 71) (the second interval contains no zeros at all), as well as in (7i,72Af+i) by Lemmata [H 
andlH Q has an even number of zeros in (72Af+iia)- Therefore, the number ^(-Y2M+i,a)(^) 
can be equal to zero, and we cannot improve the lower bound in (ll.SOp . 

Thus, from (|1.72p . (jl.78p - (|1.80p we obtain the inequalities (|1.76p again. As above, these 
inequalities are equivalent to (|1.69p . since the number Z(^j ,^)(Q) is even by Lemma [1] and 
-^(/3i,o)(Qi) is an even number by assumption. 

II. If Qi has an odd number of zeros in (/?, a), then, by the same argument as in Case I, we obtain 
the inequalities (jl.76p . which coincide with the inequalities ()1.70p . But unlike in Case I, these 
inequalities cannot be improved, since Z(^ q,)((5i) is odd by assumption. □ 

Remark 1.8. Lemma[7]is true if /3 = —00 and ip{z) ^ 0, ^'{z) 7^ for z G (—00, a) (see Remark [l.7p . 
Lemma [7] is also valid in the case when /J > a or in the interval (a, +00). 

Remark 1.9. Recently S.Edwards [8| found the following example of the polynomial, for which the 
equality holds in (jl.70p . The polynomial 

p{z) = z{z^ -l/A){z^ + lf^ 
has 3 real zeros: it— and 0. Its derivative p'{z) has only two real zeros: ib/3, where 

^ \/4134 + 106^/2369 

/? = w 0.4547246059. 

In the interval {—(3,(3), the polynomial p has only one simple zero a = 0. Straightfor- 
ward computation shows that, in this case, we have ^^((^(z)) = Z(^(^^j^^{Q{z)) = 2 and 

^(-/3,a)(Qi(^)) = ^(„,/3)(Qi(^)) = 1, where Q{z) = {p' {z) / p{z))' and Qi{z) = {p" {z) / p' {z))' . There- 
fore, for the polynomial p, the inequalities (|1.70p have the form 

Z{-(3,a){Q{z)) = Z(_p^a){Qi{z)) + 1, 
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%,/3)(Ql(2)) = %,/3)(Ql(^)) + 1- 

This example shows that the upper bound in (jl.TOp cannot be improved. We also note that, in this 
case, Zcip) = 50, Zc{p') = 50, Z^{Q) = 4 and Zr{Qi) = 2. So, the polynomial p does not enjoy 
the inequalities (|1.7p of Theorem [21 so necessarily does not possess property A. 

For functions with property A, Lemma [7] has the following form. 

Corollary 8. Let ip G C — V* and let f3i and (52, /3i < (32, real zeros of ip' and let (p have a 
unique real zero a in the interval (/3i,/?2) such that ip'{z) / for all z G U (a,/32). // 'P 

possesses property A at its zero a, then 

0^%,,^,)(Q)^%,,^,)(Qi). (1.81) 

Proof. We consider two situations: the number a is a zero of Qi of even multiplicity (possibly not 
a zero of Qi) and a is a zero of Qi of an odd multiplicity. 

Case I. Let the number a be a zero of Qi of an even multiplicity, including the situation Qi{a) ^ 0. 
By the same method as in the proof of Corollary [21 one can show that Qi has an even number of 
zeros between two consecutive zeros of (p', therefore, Qi has an even number of zeros in the interval 
(/9i)/52)- Thus, there can be only two possibilities: 

LI. The function Qi has an even number of zeros in each of the intervals {(3i,a) and (a, /?2). Then 
the inequalities (jl.Sip follo'vjfl from the fact that Z^aj{Q) ^ and from the inequalities (|1.69p . 
which hold in this case according to Lemma [7] (see also Remark II. Sp . 

L2. The function Qi has an odd number of zeros in each of the intervals (/3i,a) and {0,(^2)- 
Then Lemma [7| and Remark 11.81 provide the validity of the inequalities (ll.70|) in each of the 
intervals (/3i,a) and (a,/32): 

^ %i,a)(Q) ^ 1 + %i,a)(Ql), (1-82) 

^ %,^,)(Q) ^ 1 + %,/3,)(Qi). (1.83) 

Since p possesses property A at a, we have Q{z) 7^ in at least one of the intervals (/3i,a) 
and (a, (32)- 

If Q{z) / for z G (/?!,«), then Zj-^^ q,)(Q) = 0. Since Qi has an odd number of zeros in the 
interval (/3i,a) (hence at least one) by assumption, the inequality p.82p can be improved to 
yield 

= %,,„)(Q) ^ %,,a)(Qi) - 1. (1.84) 
Together with (jl.83p and the fact that Z|q|((5) 7^ 0, this inequality gives (jl.Sip . 
If Q{z) 7^ in the interval (a,/32), then ()1.8ip can be proved analogously. 

Case II. Let the number a be a zero of Qi of odd multiplicity (hence at least one). 

By assumption, p possesses property A. At first, we assume that Q{z) 7^ in the interval {(3i, a). 
As we mentioned in Case I, Qi has an even number of zeros in the interval (/3i,/32), so there can 
be only the following two situations: 

®In this case, we do not use the fact that ip possesses property A at its zero a. 



20 



II. 1. The function Qi has an odd number of zeros in the interval {Pi, a) and it has an even number 
of zeros in (a,/32)- Then as above, we have the inequality ()1.84p in the interval {(3i,a) and 
the inequality 

which follows from Lemma [7] and Remark 11.81 Together with (jl.84p and the fact that 
Z{a}{Q) / 0) this inequality gives ()1.8ip . 

II. 2. The function Qi has an even number of zeros in the interval {Pi, a) and Qi has an odd 
number of zeros in {0,^2)- Then the number Z(^p^^a){Qi) can also be zero and we have the 
following inequality 

= %i,«)(Q) (1.85) 

By Lemma [7] and Remark ll.8| we obtain the inequality (jl.83p . But since Qi{a) = by 
assumption and Q{a) 7^ by ()1.4p . we have the inequality 

o = ^m(Q) ^-i + ^w(Qi), 

which, together with the inequality (jl.83p . implies 

^ Z[c,,^2)(Q) ^ Z[a f^2){Qi). 
From this inequality and the inequality (I1.85P we again obtain (ll.8ip . 
If Q{z) 7^ in the interval (a,/32), then the inequality (jl.8ip can be proved analogously. □ 

Remark 1.10. Corollary [8] remains valid if one of Pi and P2 is infinite rather than a zero of (p' , that 
is, if {Pi,p2) = {Pi, +00) or {Pi,P2) = {-00, P2). 

Remark 1.11. If a is a multiple zero of 99 € £ — "P* and Pi and P2, Pi < P2, are zeros of (p' such 
that ip{z) ^ and ip'{z) ^ for all z £ {Pi, a) U {a, P2), then the inequalities (jl.8ip hold, since we 
have Case I of Lemma [7] in both intervals {Pi, a) and {a,P2) in this case. 

We now examine the case when ip has a unique real zero a and possesses property A at a. 

Corollary 9. Let f £ C — V* have a unique real zero a such that ip'{z) 7^ for z € M\{a}. // (p 
possesses property A at a, then the inequalities (jl.29p hold. 

Proof. Since ip possesses property A, Q associated with ip has no zeros in at least one of the 
intervals (—00, a) and (a, +00). Without loss of generality, we may assume that Q{z) 7^ for 
z £ (—00, a). Then we have 

= ^(_ooH(Q) ^ ^(-oo,a](Ql)' (1-86) 

since Q{a) 7^ 0. From Lemma [7] and Remark 11.81 it follows that 

^ ^(a,+oo)(Q) ^ 1 + %,+oo)(Ql)- (1-87) 

The inequalities (jl.86p ~ (|1.87p imply (11.30p . which is equivalent to (jl.29p . since Z^{Q) and Zk{Qi) 
are even by Corollary [2] and Remark 1 1.4[ □ 

Our next lemma is devoted to the case when ip does not have a zero between two (not necessary 
consecutive) zeros of ip' . 
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Lemma 8. Let (p e C - V* and let and /J^^)^ ^ /3(2)^ be zeros of ip' and let (f{z) / for 
z G [f3^^\ P^'^'^]. If If' has exactly 2 real zeros, counting multiplicities, in the interval [f3^^\ P^'^^], 
then 

g - 1 ^ ^[/3(i),/3(2)](Q) ^ g - 1 + ^[^(1)^^(2)] (Qi). (1.88) 

Proof. In fact, if some real number /3 is a zero of (p' of multiplicity M, then /? is a zero of Q of 
multiplicity M — 1 according to ()1.4p . Therefore, the following inequalities hold: 

M - 1 ^ ^ M - 1 + (1.89) 

since Z|^}(Qi) = by (jl.6p . Thus, if has exactly /, 1 ^ / ^ (7, distinct real zeros, say = 
Pi < (^2 < ■ ■ ■ < Pi = P^'^\ in the interval [Z?*-^-*, /^^^^J, then Q has exactly 5 — / real zeros at the 
points Pi, i = 1,2, . . . ,1, so from (jl.89p it follows 

q-li^Zx,iQ)<Q-l + Zx,iQi), (1.90) 

where X2 = ULiiAl and Zx,{Qi) = by 
If Z = 1, then = /J^^) 

is a zero of 93' of multiplicity g. By (ll.90p . we have the following 

inequalities 

q-l^ ^{^{i)}(Q) ^q-l + ^{;3{i)}(Ql)> (1-91) 

which are equivalent to (ll.88p . since Z|^(i)|((5) = ■2'[^(i),/3(2)](<3) and Z|^{i)|(Qi) = ^[/3{i)^/3(2)]((3i) 
in this case. 

Now let / > 1. Then the points Pi, i = 1,2, ... ,1, divide the interval (Pi, Pi) = (/3(^), /J^^)) into 
/ — 1 subintervals {Pi, Pi+i), i = 1,2, . . . ,1 — 1. Applying Corollary [6] to each of these subintervals, 
we get 

i-i^ZxAQ)^i-^ + ZxAQi), (1-92) 

where Xi = U!=i(A' A+i)- 

Since Xi UX2 = [/?(^), /J^^)], we obtain (fTHHI) by summing the inequalities (fL9n|l and ([LM]) or, 
if /?(!) = /3(2), directly from (fr9T|) . □ 

The next corollary concerns half-infinite intervals adjacent to the largest zero of (p. 

Corollary 10. Let ip £ C — V* and let ul be the largest zero of (p. If ip' has exactly r ^ 1 zeros in 
the interval (aL,+oo), counting multiplicities, and Ps is the minimal one, then 

+ %5,+oo)(Qi), (1-93) 

r 

is the largest integer not exceeding —. 

Proof. Let Ps = Pi ^ P2 ^ ■ ■ ■ ^ Pr be the zeros of in the interval {ol, +00). Lemma [8] gives 

r - 1 ^ ^r-l + %,,;3,](Qi). (1.94) 

We consider the following two cases. 
Case I. The number r is odd. There can be only the following two situations: 



[13 s, 



.){Q) ^ 2 
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I.l. The function ^p" has an odd number of zeros, counting multiphcities, in the interval (/J^, +00), 
say 71 ^ 71 ^ 72 ^ ... ^ 72M+i> ^ 0. 
From the analyticity of 99 and 99' it follows that 

V?(ql + + e) > (1.95) 

for all sufficiently small e > 0, and 

(^'(/?, + 5)99"(A. + 5) >0 (1.96) 

for all sufficiently small (5 > 0. Since r is an odd number, has different signs in the intervals 
(aL,/3i) and (/?r,+cxD). Therefore, from ()1.95|) we obtain 

(/j(/3^ + 5)(^'(/3, + 5) <0 (1.97) 

for sufficiently small (5 > 0, since 95(2;) 7^ for z £ (ql,+cxd). Hence, from ()1.96p and ()1.97p 
it follows that 

(fiPr + e)^" iPr + e) < (1.98) 
for sufficiently small e > 0. This means that Q{z) < for z G (/?r,7i) by ()1.4p . so 

= %,,^,)(Q)^%,,^,)(Qi). (1.99) 

Here the upper bound cannot be improved, since Qi has an even number of zeros in the 
interval (/3i,7i) according to Lemma [T] applied to Qi. By Case I of Lemma [H we have 

But ip" has different signs in the intervals (/?i,7i) and (72^/+!, +00), therefore, by ()1.98p . 

V'(72M+i + S)ip"{'y2M+i + 6) > 

for sufficient small 5 > 0, so the number Z(^2m+i,+oo)(Q) positive according to (jl.4p . 

Now we note that Q has an even number of zeros in (/3r, +00) and in [71, 72A'/+i] by Corollary [T] 
and Lemma [6l Since Q has no zeros in (/3r,7i), it has an even number of zeros in the 
interval (72A/+1, +00). Lemma [5] and Remark 11.71 implv the validity of the inequality (jl.20p 

for (72Af+i,+oo): 

%2M+i,+oo)(<3) ^ 1 + %2M+l,+Oo)(<5l)- (1.101) 

Applying Corollary [1] to Qi on the interval (72m+1)+oo), we obtain that Qi has an even 
number of zeros in (72m+i,+oo) too. Consequently, the inequality (ll.lOip can be improved 
to the following one 

^ ^(^,,,+,,+00) (Q) ^ ^(^,„^„+oo)(Qi). (1-102) 

Here the lower bound follows from the fact, proved above, that Q has an even number of 
zeros in (72Af+i, +00). Now the inequalities (fTMp . ([TM]) . (ll.lOUl) and (I1.1U2P imply 

r - 1 ^ %„+oo)(Q) < r - 1 + %,+oo)(Qi), (1.103) 



which is equivalent to ()1.93p . since r is odd, so 2 



1. 
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1.2. The function ^p" has an even number of zeros, counting multiplicities, in the interval +00), 
say 71 ^ 71 ^ 72 ^ ... ^ 72M, M ^ 0. 

Let M = 0, that is, [z) 7^ for z G (/3r,+cxD). Since r is an odd number, the inequal- 
ity ()1.98p holds as we proved above. Therefore, 

= ^(/3,,+oo)(Q) ^ ■^(/3,,+oo)(Ql)- 

Combined with (jl.94p . this inequality implies (jl.lOSp . which is equivalent to (|1.93p as we 
explained above. 

Let M > 0, then (fL98]) and Case III of Lemma [6] imply 

^ ^[7i,7.m](Q) ^ 1 + ^[7.7w](Ql)- (1-104) 

As above, the inequality (jl.DSp implies (jl.99p . Moreover, from the fact that has an even 
number of zeros in (/3r,+oo) it follows that ip" has equal signs in the intervals (/Jr.,7i) and 
(72Mj +00). Then by (jl.98p . we have the following inequality 

(^(72M + ey(n2M + e) < (L105) 

for sufficiently small e, so Z(^2m,+oo)(Q) = by (II. 4p . Applying Corollary [T] to Qi, we obtain 
that Qi has an odd number of zeros in (72M+1; +00) (at least one). Therefore, we have 

= Z(,^„,+^)(Q) ^ -1 + Z(,^,,,+«,)(Qi). (L106) 

Now from (fTMp . (fTMI) . (I1.1U4I) and (I1.1U6I) we again obtain the inequalities p.l03D . which 
are equivalent to (jl.93p as above. 

Case IL The number r > is even. There also can be only two situations: 

II. 1. The function ^p" has an even number of zeros, counting multiplicities, in the interval +00), 
say 71 ^ 71 ^ 72 ^ ... ^ 72M, M ^ 0. 

Let M > 0. According to Corollary [H Q has an odd number of zeros in (/?r,+c)o). But Q{^z) 
is negative for sufficiently large real z as was shown in the proof of Theorem [U therefore, 

+ e) > (1.107) 

for sufficiently small e > 0. From ()1.36p it follows that (5(7i) < 0, consequently, Q has an 
odd number of zeros (at least one) in the interval (/3r',7i)- This fact and Lemma [5] imply the 
following inequalities 

1 ^ %,,^,)(Q) < 1 + %.,7i)(Qi)- (1-108) 
By Lemma [1] applied to Qi, the latter has an even number of zeros in the interval (/3r)7i)- 
Hence, the inequalities (ll.lOSp cannot be improved. 

Since 99" has an even number of zeros, counting multiplicities, in the interval (/S,-, +00), 99" has 
equal signs in the intervals (/3r,7i) and (72A/;+oo)- But Q has at least one zero in (/3r5 7i) 
(see (ll.lOSp ). therefore from (jl.4p it follows that ip{z){p"{z) is positive in (/3r,7i). Conse- 
quently, ip{z)(p"{z) is also positive in (72M,+c)o). Thus, by p.4p, the number -^(72^^, +00) iQ) 
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can be positive. Moreover, since Q{z) is negative for z sufficiently close to 72M (see (jl.36p ) 
and for sufficiently large real z (see the proof of Theorem [T]) , Q has an even number of zeros 
in (72M5+oo). Lemma [5] and Remark 11.71 implv 

Z(^,,,,+^)(Q) 1 + Z(^,„,+^)(Qi). (1.109) 

Here the upper bound cannot be improved, since Qi has an odd number of zeros in the 
interval (72M;+oo) by Corollary [1] applied to Qi. 

Since ip{z)ip"{z) > in (/?i,7i) (see (ll.lOSp and (11. 4|) ). by Case II of LemmalU we have 

^ %,7w](Q) ^ -1 + ^[7i,72m](Qi)- (1-110) 

Now from (ll.94p and (I1.108p ~ (ll.ll0p we obtain the following inequalities 

r ^ %.,+oo)(Q) ^ r + %,,+oo)(Qi), (1.111) 

r T ' 

which are equivalent to (jl.93p . since r is even, so 2 — = r. 

If M = 0, that is, (p"{z) 7^ in the interval {Pr, +00), then we have the inequalities 

1 ^ %.,+oo)(Q) ^ 1 + %.,+oo)(Ql), (1-112) 

where the upper bound follows from Lemma [5] and Remark 11.71 and the lower bound follows 
from (jl.l07p and from the fact that Q{z) < for sufficiently large real z. 

By ()1.94p and ()1.112p . we again obtain (ll.llip . which is equivalent to ()1.93p as we showed 
above. 

II. 2. The function ip" has an odd number of zeros, counting multiplicities, in the interval (Pr, +00), 
say 71 ^ 71 ^ 72 ^ ... ^ 72M+1, M ^ 0. 

As in Case II. 1, Corollary [1] implies the inequality (jl.l07p . from which the inequalities (jl.lOSp 
follow by Lemma [5] and Remark II. 7[ Furthermore, from Case III of Lemma [6] we obtain 
the inequalities (ll.lOOp . Since Q has at least one zero in the interval (/?ri7i) (see (jl.lOSp ). 
ip{z){p"{z) > in (/3ri7i) by (jl.4p . But cp" has an odd number of zeros in (/3r,+oo) by 
assumption, and ip{z) / in this interval, therefore, ip{z)cp"{z) < in (72M+1)+c>o) and 
Q has no zeros in the interval {■~f2M+i,+oo). This fact implies the following inequality 

= ^{72M+l,+00)(Q) ^ %2M+l,+Oo)(Ql), 

which, together with (|1.100|] . and (|1.108|) imphes (|1.112p . Now by (fTMl) and (|1.112l) . we 
obtain (jl.llip . which is equivalent to (|1.93p as we showed in Case II. 1. 

□ 

Remark 1.12. Corollary [10] remains valid with respective modification in the case when if has 
the smallest zero as- 

Remark 1.13. The number r in Corollary [TU] is the number of extra zeros of in (ai, +00). 

Now we establish bounds on the number of real zeros of Q associated with functions in £ — 7^* 
with finitely many real zeros. Next theorem concerns real polynomials multiplied by exponential. 
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Theorem 3. Let p be a real polynomial and let (f be the function 



(p{z) 



where b ^ is a real number. If possesses property A, then 



^ Zk (Q) ^ 2 



+ 



(1.113) 



(1.114) 



Here E{ip') is the number of extra zeros of ip' . 

Proof. Without loss of generahty, we assume that 5 > and the leading coefficient of p is also 
positive. Then ip>{z) — > +oo whenever z — > +oo and <f{z) whenever z — > — oo. 

We consider the following two cases: I. p has no real zeros, and II. p has at least one real zero. 

Case I. Let p{z) 7^ for z G M, then degp is even and ip'{z) = e^^\p'{z) + bp{z)]. Thus, (p' has no 
real zeros or it has an even number of real zeros, all of which are extra zeros of <p' . 

If ip'{z) / for z G M, then E{ip') = 0, and, by CoroUarylH we obtain the validity of ((L29]), 
which is equivalent to ()1.114p in this case. 

Let 93' have an even number of real zeros, say Pi ^ P2 ^ ■ ■ ■ ^ hr^ where r > 0, then 
E{ip') = 2r. Since 6 > and ^piz) > for z G M by assumption, (p'{z) +00 whenever z +00 
and (p'{z) — > + whenever z —00. In particular, we have 



ip'{z)>0 for z G (-oo,/3i) U (/32r, +00). 

+ whenever z 



Also 'p"{z) +00 whenever z +00 and 'p"{z) 
of ip' , the following inequalities hold 



(1.115) 

-00. By the analyticity 



^'{Pi - e)ip"{f3i - e) < 0, (1.116) 

ip'{/32r + 6)ip"{/32r + 6)>0 (1.117) 

for all sufficiently small e > and 5 > (see (|1.96p ). These inequalities with (jl.llSp imply 
(p"{Pi — e) < and ip"{P2r + S) > for all sufficiently small positive e and 5. Therefore, ip" has 
an odd number of zeros in the interval (— oo,/3i) and an even number of zeros (or no zeros) in the 
interval {(32r,+oo). Moreover, Q{f3i — e) < and Q{[i2r + (5) > for all sufficiently small 5 > 
and e > 0, since the sign of Q in a small vicinity of a real zero of ip' equals the sign of ip^p" in that 
vicinity (see (jl.4p ) and since (/?(z) > for z G M by assumption. As was mentioned in Theorem [H 
Q{z) is negative for sufficiently large real z, consequently, Q has an even number of zeros (possibly 
no zeros) in the interval (— cxd,/3i) and an odd number of zeros in {(32r,+oo). Thus, 



Z, 



(/32r, + Oo) 



(Q) > 1. 



Prom Lemma [8] it follows that 

2r - 1 ^ %„;3,.](Q) ^ 2r - 1 + %„fe,](Qi) 



(1.118) 



(1.119) 



If (p" has zeros in (/?2r,+oo), say 7^^'* ^ 73^^ ^ . . . ^ 72M' > 0, then, by (I1.117P and by 
Case II of Lemma O we have 



(1.120) 
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Lemma [5] and Remark 11.71 yield 

^(.(l)+oo)(^?)^l + ^(.«,+oo)(^?l)' (1-121) 

Then from p.ll8p and (|1.12Up - (ll.l22l) it follows that 

1 ^ %..,+oo)(Q) ^ 1 + %..,+oo)(Ql). (1.123) 

These inequalities cannot be improved, since .^(/32,.,+oo)(Qi) is even by Lemma [2] applied to Qi. 

If (p"{z) 7^ for z G (/32r,+oo), then, by Lemma [5] with Remark 11.71 and by (jl.llSp . we obtain 
the inequalities (jl.l23p again. 

Since ip" has an odd number of zeros in (— cxd,/3i), say 7^ ^ 72 ^ ^ • • • ^ 72Ar+i' ^ 0) ^^^d 
^"{z) < in (72^'*^i, as we showed above, ^"{z) > in (— 00,7^ ■*). Then we have 

0^^(-oo,,l-))(Q)^^(-oo,,(-))(^3i)' (1-124) 

Indeed, the inequalities (I1.124p follow from Lemma [5] with Remark 11.71 and the fact that Qi has 
an even number of zeros in (— 00,7^ ^) by Corollary [1] applied to Qi. At the same time, the lower 
bound of the inequalities ()1.124p cannot be improved, since Q has an even number of zeros in the 
interval (—00,7! ^) by (jl.36p and by the fact that Q{z) < for sufficiently large real z. Further, 
the inequalities ()1.125p are exactly (jl.33p . At last, since ^p"{z) < in (72iv+i>/3i) and ip{z) > for 
z G M, Q{z) has no zeros in (72jv+i)/^i) W (|1.4p . This fact we use in (jl.l26p . 
Now (fLTT9]) . (frT23]) and (frTMl) -- (frT26]) imply 

2r^Z^{Q)^2r + Z^{Qi). 

These inequalities are equivalent to (jl.ll4p . since E{ip') = 2r. 

Case II. Let (/9 have at least one real zero. 

Let as and be the smallest and the largest zeros of ip. It is easy to see that, for all sufficiently 
small e > 0, 

^{as-e)^'{as-e) (1.127) 
Also since 'p{z) whenever z — > —00, we have, for sufficiently large negative C, 

ip{C)^'{C) > 0. (1.128) 

Prom (jl.l27p - (|1.128p it follows that ip' has an odd number of zeros, counting multiplicities, say 
2r_ + l,r_ ^ 0, in (—00,05'), since ip{z) / in (—00,05). Let be the largest zero of ip' in the 
interval (—00,05). Then by Corollary [TOl and by Remark 11.121 we have 

^ ^(-ooA-](Q) ^ 2r_ + .-](gi), (1.129) 



27 



r2r_ + 1" 

since 2r_ = 2 

l_ 2 

Further, by assumption, ^{z) is positive for z € {aL,+oo) and tends to +oo whenever z 
tends to +oo. Therefore, ip'{z) — > +oo as z — > +c>o and, by (11.951) . we have (p'{z) > in a smaU 
right-sided neighborhood of the point a^. Consequently, (p' has an even number of zeros, counting 
multiphcities, say 2r+ ^ 0, in the interval (aL,+oo). If (p' has at least one zero in (aL,+oo) and 

is the smallest one, then, by Corollary [TDl we have 

2^+ ^ %,+oo)(^3) ^ 2r+ + ^[^+ +^)(Qi) (1.130) 

since 2r-| 

II. 1 Let ip have a unique real zero a. Then a = as = ol. 

If (/?' has no zeros in the interval (a, +oo) and has exactly 2r_ + 1 zeros, counting multiplicities, 
in (— oo,a), then from Corollary [8] and Remark ll.lOl it follows that 

^ Zip-,+oo)(Q) ^ ^(;3-,+oo)(Ql)> (1-131) 

where (3j^ is the largest zero of p' in the interval (— oo,a). Now the inequalities (jl.l29p 
and (jl.l3ip imply (jl.ll4p . since E{ip') = 2r_ + 1 in this case. 

Let tp' have exactly 2rj^ > zeros, counting multiplicities, in the interval (a, +oo) and let /3j 
be the smallest one. By Corollary [8l we have 

^ ^ ^(/3r,/3+)(^?i)- (1-132) 

This inequality, together with (|1.129p and (|1.130p . gives (|1.114jl . since E{ip') = 2r+ + 2r„ + 1 
in this case. 

II. 2 Let ip have exactly I ^ 2 distinct real zeros, say as = ai < a2 < ■ ■ ■ < o-i = ai- By Rolle's 
theorem, ^p' has an odd number of zeros, say 2Mj + 1, Mi ^ 0, counting multiplicities, in 
each of the intervals (oj, Oj+i), i = 1, 2, . . . , Z — 1. If we denote by fi'^^ and the smallest 

zero of in the interval (ai, 02) and the largest zero of in the interval (a/_i, a/), then, by 
Lemma [8] and Corollary [8l we have 

l-l l-l 

i=l 4=1 

In the interval {/3^,f3^p), we use Corollary [8] to yield 

O^Z^,-,,a))(Q)^^(,-,,(i))(Qi), (1.134) 

where is the largest zero of <p' in the interval (— co,ai). The existence of this zero was 
proved above. 

If ip' has no zeros in the interval (a;, +00), then, by Corollary [8] and by Remark [TTTOl we have 

^ V-',+oo)(^) ^ V-\+oo)(^i)- (1-135) 
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Thus, if we suppose that ^p' has 2r_ + 1 zeros, counting multipHcities, in (—00, ai), then 
E{ip') = 2r_ + 1 + E!=i2Mj, so the inequahties (fTTM]) . (fTTMl) . (fLT33D and (fLTHS]) im- 
ply (frrni) . 

If Lp' has at least one zero in the interval (ai,+oo) and is the smallest one, then, by 
Corollary El we have 

0^^(,a-.),,.)(Q)^^(,a-.),,.)(Qi). (1.136) 

If we suppose that (/?' has 2r-|. > zeros, counting multiplicities, in the interval (a/, +00) and it 
has 2r_ + l zeros, counting multiplicities, in (—00, ai), then E{(p') = 2r_+2r_|. + l+^[~} 2Mj, 
so (fLTTDl follows from (fTTMD . (frTM|) . (frT33D . (fTTMIl and (fTTSOD . 

□ 

Now we derive a bound on the number of real zeros of Q associated with a real polynomial. 
Theorem 4. Let ip be a real polynomial possessing property A. 
I. // ip{z) / /or z G M, then 



+ 2 ^ (Q) ^ 2 



+ 2 + Zm(Qi), (1.137) 



2 

where E{ip') is the number of extra zeros of (p' . 

II. // ip has at least one real zero, then the inequalities (jl.ll4p hold. 

Proof. Without loss of generality, we may assume that the leading coefficient of ^p is positive. 
Then ip{z) — > +00 whenever z +00 and ip{z) 00 whenever z —00. 

I. Let ip{z) / for 2: G M. Then degip is even and degip' = degip — 1. Consequently, ip' has an odd 
number of zeros, all of which are extra zeros of ip' (see (jl.ip ). 

We denote the real zeros of by /3i ^ /32 ^ . • • ^ P2r+i, so E{ip') = 2r + 1. By assumption, 
ip{z) > for z G M, therefore, (p'iz) +00 whenever z — > +00 and ip'{z) —00 whenever z — > —00. 
Consequently, ip'{z) < for z G (— oo,/3i) and ip'{z) > for z G {(32r+i,+oo). Also (p"{z) +00 
whenever z — > ±00. As in the proof of Theorem [3l one can show that the inequality (jl.llGp holds 
and implies ^"{f3i — e) > for all sufficiently small e > 0. Analogously to (|1.117p . we have 

<^'(/32r+l + <5)(^"(/?2r+l + 5) > (1.138) 

for all sufficiently small 5 > 0, that is, ip"{(32r+i + 5) > 0. Therefore, ip" has an even number of 
zeros in each of the intervals (— oo,/3i) and (/32r+i) +oo). Moreover, since ip{z) > for z G M by 
assumption, Q{f3i — e) > and Q{f32r+i + 6) > for all sufficiently small 6 > and e > according 
to (jl.4p . But Q{z) < for all sufficiently large real z (see the proof of Theorem [1]), consequently, 
Q has an odd number of zeros in each of the intervals (— oo, (3i) and {P2r+i, +oo). Thus, 

Zi-oo^iQ) ^ 1, (1.139) 

^(/3..+i,+oc)(Q)^l. (1.140) 

By Lemma [HI we have 

2r ^ %,,^,,^,](Q) ^ 2r + Z[^,,^,^^,](Qi). (1.141) 
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Since has an even number of zeros in each of the intervals (—00, and {f32r+i, +00), in the 
same way as in Case I of Theorem [3] (see (I1.123P ). one can show that 

1 < ^(-ooA)(Q) ^ 1 + ^{-ooA)(Qi)' (1-142) 

1 ^ %2.+i,+oo)(Q) ^ 1 + %2.+i,+oo)(Qi). (1.143) 

Now (frTini - (fLTi3|) imply 

2r + 2 Zk(Q) < 2r + 2 + Zm(Qi), 



which is equivalent to (jl.l37p . since E{ip') = 2r + 1 and, therefore, 2 



2r. 



II. Let ip have at least one real zero and let as and be the smallest and the largest zeros of if. 
It is easy to see that the inequality (jl.l27p holds in this case. Moreover, since (p{z) — > 00 whenever 
z — > —00, we have, for sufficiently large negative C, ip{C)(p'{C) < 0. Consequently, ip' has an even 
number of zeros (or has no zeros) in {—00, as), since (p{z) 7^ for z G M. Analogously, ip' has an 
even number of zeros (or has no zeros) in (a/,, +00). Further, we consider the following two cases. 

11. 1 Let ip has a unique real zero a = as = ai- If '■p'iz) 7^ for z € IR\{a}, then by Corollary [9l 
the inequality (11.290 holds. The latter is equivalent to ()1.114p . since E{ip') = in this case. 

Now suppose that 99' has at least one zero in one of the intervals (—00, a) and (a,+cxD). 
Without loss of generality, we may assume that ip'{z) 7^ for 2; G (—00, a) and has an even 
number of zeros, counting multiplicities, say 2r+ > 0, in (a, +00). Let (5g be the smallest 
zero of if' in this interval. Then by the same argument as in Case II of Theorem [3l one can 
prove that the inequalities (|1.130p hold. Moreover, by Corollary [8] and Remark II. 101 we have 

0^ Voo,4)(Q)^ Voo,/3+)(^?l)- 

Combined with ()1.130p . these inequalities give (I1.114p . since E{ip') = 2r+ in this case. 

At last, let <p have a unique real zero a and let cp' has at least one zero in each of the intervals 
(—00, a) and {a, +00). Let ip' have exactly 2r_ > zeros, counting multiplicities, in the 
interval (—00, a) and exactly 2r+ > zeros, counting multiplicities, in (a, +00). Let be 
the largest zero of ip' in (— cxD,a) and let be the smallest zero of ip' in (a, +00). From 
Corollaries do] and El it follows that the inequalities (11.1291) . (I1.13UD and (|1.132p hold. These 
inequalities imply (I1.114p . since E{ip') = 2r_ + 2r+ in this case. 

11. 2 Let now ip' have / ^ 2 distinct real zeros, counting multiplicities, say ai < . . . < a;. Then by 
Rolle's theorem, ip' has an odd number of zeros, say 2Mj + 1, Mj ^ 0, counting multiplicities, 
in each of the intervals (oj, Oj+i), i = 1,2, . . . ,1 — 1. If is the smallest zero of ip' in the 
interval (01,02) and (3^^ ^■^ is the largest zero of ip' in the interval (a/„i,a/), then, as in the 
proof of Case II of Theorem [3l the inequalities ()1.133p hold by Lemma [8] and Corollary [HI 
Moreover, if ip' has 2r_ ^ zeros, counting multiplicities, in the interval (— oo,ai) and 
2r+ ^ zeros, counting multiplicities, in the interval (a;, +00), then Corollaries 1101 and [8l 
with Remark 11.101 imply 

2-- ^ ^(-oo,,(^))(^3) ^ + ^(_,,a))(Qi) (1.144) 
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and 



since 2r_ 



(1.145) 



2r_ 



and 2r4 



2r, 



Obviously, we have E{ip') = 2r+ + 2r_ + X]!=i 



2M- 



in this case. Therefore, the inequalities ()1.114p follow from (I1.133p . (I1.144p and ()1.145p . 



□ 



Our next theorem concerns the last subclass of entire functions in £ — "P* with finitely many 
zeros, namely, polynomials multiplied by exponentials of the form e~"^ '^^''^ . 



Theorem 5. Let p he a real polynomial and let he the function 



where a > and 6 G M. Let ip possess property A. 

I. If p has no real zeros, then the inequalities (|1.114p hold. 
II. If p has at least one real zero, then 

"W)l o / ^ /^^/o^W)" 



(1.146) 



2 ^ Zm (Q) ^ 2 



where E{ip') is the number of extra zeros of ip' . 



2 + (Qi 



(1.147) 



Proof. Without loss of generality, we may assume that the leading coefficient of p is positive. Then 
(p{z) ^ + whenever z +oo and f{z) whenever z —oo. 

I. Let p{z) for z E M. Then degp is even and (p'{z) = e"""^'^^^^ g{z), where g \s a. real 
polynomial of odd degree, which is equal to degp + 1. Thus, if' has an odd number of zeros, 
counting multiplicities, say /3i ^ /32 ^ • • • ^ /?2r+i; all of which are extra zeros of Therefore, 
the inequalities (jl.l4ip hold in this case. 

Since p{z) ^ for z G M, ip{z) > on the real axis and ip{z) — > +0 whenever z — > ±00 by 
assumption. Then ip'{z) — > — whenever z +00 and (p'{z) ^ +0 whenever z —00. In 
particular, (p'{z) > for 2; G (— oo,/?i) and ip'{z) < for 2; G (/32r+i, +00). Also ip"{z) +0 
whenever z — > ±00. From the inequality (I1.116P it follows that ip"{Pi — e) < for all sufficiently 
small e > 0. By the similar reasoning, one can show that (p"{f32r+i + (5) < for all sufficiently 
small 5 > 0. Consequently, 93" has an odd number of zeros in each of the intervals (— oo,/?i) and 
(/32r+i5 +00). Moreover, since ip{z) is positive on the real line by assumption, Q{[ii — e) < and 
Q{j32r+i — (5) < for all sufficiently small e > and 5 > by (|1.4I) . Consequently, Q has an 
even number of zeros in each of the intervals (— oo,/3i) and (/32r+i5 +00), because Q{z) < for all 
sufficiently large real z (see the proof of Theorem [T]). Thus, in the same way as in the proof of 
Case I of Theorem [3] (see (|1.124p - (|1.126p ). it is easy to show that 



And analogously. 



^ .^(_oo,/3i)(<3) ^ ^(-oo,/3i)(Ql' 



^ %2,+i,+oo)(<5) ^ %2,+i,+oo)(Ql)- 



(1.148) 

(1.149) 
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Since E{(p') = 2r + 1 in this case, the inequahties (|1.14ip and (|1.148p - (|1.149p imply (|1.114p . 

II. Let p have at least one real zero and let as and a/, be the smallest and the largest zeros of ip. 
It is easy to see that the inequalities (I1.127P and (I1.128P hold in this case. From these inequalities 
it follows that (p' has an odd number of zeros, counting multiplicities, say 2r_ + l,r_ ^ 0, in 
(—CO, as), since ^{z) 7^ in this interval. Analogously, one can show that (/?' has an odd number of 
zeros, counting multiplicities, say 2r+ + l,r+ ^ 0, in the interval (aL,+oo). Let be the largest 
zero of ip' in the interval (—00,05) ^-nd let be the smallest zero of in (a/,, +00). Then by 
Corollarv llOl we have 

2^- ^ ^{-oo,;3-](Q) ^ 2r_ + ^(_^,^-](Qi), (1.150) 
2^+ ^ ^f«+.+oo^(Q) ^ 2r+ + ^r,+ +^,(gi), (1.151) 



since 2r_ 



2r_ + 1 



and 2r-|- = 2 



2r 4 



If (/? has a unique real zero a = as = ai, then by Corollary [HI we have 

Summing the inequalities (|1.150p - (|1.152p . we obtain (|1.147p . since E{p') = 2r_ + 1 + 2r+ + 1 in 
this case. 

If ip has exactly / ^ 2 distinct zeros, say oi < 02 < • • • < a/, then by Rolle's theorem, p' has an 
odd number of zeros, say 2Mj + l, Mj ^ 0, counting multiplicities, in each of the intervals (aj, aj+i), 
z = 1, 2, . . . , Z — 1. As above, from Lemma [8] and Corollary [8] it follows that 

l-l l-\ 

^2M, ^ Z(^^-,^+)(Q) ^ 5^2M, + %-,^+)(gi). (1.153) 

i=l i=l 

Now the inequalities (|1.15Up - p.l51l) and (|1.153p imply 

l-l l-l 
2r_ + 2r+ + ^ 2Mi ^ Zr (Q) ^ 2r_ + 2r+ + ^ 2Mi + (Qi) , 

4 = 1 4 = 1 

which is equivalent to (|1.147p . since £;(v3') = 2r_ + 1 + 2r+ + 1 + Y!i^i 2^4. □ 

The next theorem provides a bound on the number of real zeros of Q associated with a function 
in C — V* with infinitely many real zeros. 

Theorem 6. Let p G C — V* and suppose that p has infinitely many real zeros. If p possesses 
property A, then the inequalities (jl.ll4p hold. 

Proof. If p has infinitely many positive and negative zeros, then p' can have extra zeros only 
between two consecutive zeros of p. Therefore, E{p') is an even number and the inequalities (|1.114p 
follow from Lemma [5| and Corollary [HI 

Let p have infinitely many real zeros but only finitely many positive or negative zeros. Without 
loss of generality, we may assume that p has the largest real zero, say ul- If /3 < ckl is a zero of 
p' such that p{z) / and p'{z) / for z G (/3, a), then applying Lemma[8|and Corollary [8] to the 
interval (— oo,/3] and Corollaries [8] and [TO|(see also Remark II. lOp to the interval (/?, +00), we again 
obtain (I1.114D . □ 
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Now we are able to prove Theorem [2j 

Theorem 2. Let ip € C — V* and suppose that (p has exactly 2m nonreal zeros. If (p possesses 
property A, then 

2m - 2mi ^ Zr (Q) ^ 2m - 2mi + (Qi) , (1.154) 

where 2mi = Zic{ip'). 

Proof. We consider the following four cases. 

I. Let (/9 be a real polynomial. Then ip' has exactly deg(^ — 1 zeros, counting multiplicities. 

If 'p{z) 7^ for z G M, then deg'p = 2m and all real zeros of (p' are extra zeros. Therefore, 
E{ip') = 2m — 2mi — 1 (see ()1.3p ). so, by Theorem |H the inequalities (|1.137p imply (jl.l54p . 

If if has at least one real zero and deg <p = 2m + r, where r > is the number of real zeros of (p, 
counting multiplicities, then ip' has exactly 2m — 2mi + r — 1 real zeros, counting multiplicities, 
r — 1 of which are guaranteed by Rolle's theorem. Therefore, we have E{ip') = 2m — 2mi, 
and the inequalities (|1.154p follow from (jl.ll4p by Theorem 31 

II. Let be a function of the type (jl.ll3p . Then ip' has exactly degp zeros, counting multiplic- 
ities. 

If 'p{z) 7^ for z G R, then degp = 2m and all real zeros of <p' are extra zeros. Therefore, 
E[<p') = 2m — 2mi, so from (I1.114|) we obtain ()1.154p by Theorem[3l 

If ip has at least one real zero and degp = 2m + r, where r > is the number of real zeros of 
counting multiplicities, then ip' has exactly 2m — 2mi +r real zeros, counting multiplicities, 
r — 1 of which are guaranteed by Rolle's theorem. Consequently, E{ip') = 2m — 2mi + 1, and 
the inequalities ()1.154|) again follow from ()1.114|) by Theorem [3l 

III. If (/J is a function of the type (I1.146p . then ip' has exactly degp+1 zeros, counting multiplicities. 

Let 'p{z) 7^ for z € M. Then degp = 2m and all real zeros of ip' are extra zeros. There- 
fore, E{(p') = 2m — 2mi + 1, and from ()1.114p it follows that the inequalities ()1.154p hold 
by Theorem [5j 

If ip has at least one real zero and degp = 2m + r, where r > is the number of real zeros of ip, 
counting multiplicities, then ip' has exactly 2m — 2mi + r + l real zeros, counting multiplicities, 
r — 1 of which are guaranteed by Rolle's theorem. Consequently, E{ip') = 2m — 2mi + 2. Now 
the inequalities (jl.l54p follow from (jl.l47p by Theorem [5j 

IV. If ip has infinitely many real zeros, then, by (jl.3p . we have 

2m - 2mi ^ E{ip') ^ 2m - 2mi + 1. 
From these inequalities and (jl.ll4p we obtain (jl.l54p by Theorem [6l 

□ 

Remark 1.14. In the proofs of Theorems EJ [U [5] and El we used the fact that ip possesses property A 
only when we applied Corollary [8l Moreover, in the proof of Corollary [HI we used property A 
only for the upper bound but not for the lower one. Therefore, in Theorem [21 the lower bound 
of the number Z^{Q) is universal, that is, it does not depend on property A and holds for every 
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function in the class C — V*. Thus, Theorem [2] proves Proposition [T] from Introduction for entire 
functions in £ — "P* and, in particular, for real polynomials. 

Remark 1.15. If a function ip ^ C — V* has only multiple real zeros, then, in the proofs of Theo- 
rems [3l H] and O we can use Remark 1 1 . 1 1 1 instead of Corollary [8l Thus, the inequalities (|1.154p also 
hold for functions va. C — V* with only multiple real zeros. 

In conclusion of this section, we note that, by Theorem [2] and Remark 11.151 we know two 
subclasses of the class C — V* such that for functions from these subclasses the inequalities (|1.154p 
hold. G. Csordas posed the following problem. 

Open problem. Describe all functions in C — V* satisfying the inequalities (|1.154p . 



2 Proof of the Hawaii conjecture. 

Although Theorem [2] is a very useful tool, it is not valid for every function in C — V* . Recently 
S. Edwards [8] found an example of a polynomial, which does not enjoy property A and fails (jl.l54p 
(see Remark II. 8p . However, for a given function (p m C — V*, we can always find another func- 
tion ipi, in C — V* with property A, which has the same zeros and the same associated function Q. 
The following theorem establishes the existence of such a function. 

Theorem 7. Let p £ C — V*. Then there exist a real number a^, such that ip^^^z) = e~"*^ip{z) 
possesses property A. Moreover, if Z^{Q) / 0, then Zc(V'l) < ■^c(V'*)- 

Proof. At first, we notice that, for any real a, the function i{j{z) = e~"'^ip{z) has the same set of 
zeros as the function (/^(z). At the same time, we have the following relations: 

^ = ^-, ew = 0M. (2.1) 

By Theorem [H the function Q\p>\ has finitely many real zeros. If Ql^p] has no real zeros, then, 
for any real cr, iIj{z) = e~^^ip{z) automatically possesses property A. 

Let Q[p\ have at least one real zero and let d < C,2 < ■ ■ ■ < Cn, n ^ 1, be the distinct real 
zeros of Q[ip]. We set 

(T* = max (^ttt) ^|)^.{z) = e~'^''^(p{z). 



Then from ()2.ip applied to it follows that 



^0, i = \,...,n. (2.2) 



In the sequel, we denote by C* any (fixed) zero of Q\^p\ where the maximum cr* = max ((/9'(Ci)/v'(Ci)) 
is attained. Thus, we have 



V'*(C* 



0. (2.3) 
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We also denote by aj {j £ Z) the real zeros of (and of -0*) and Ij = {aj, aj+i)- If has the largest 
zero ai and the smallest zero as, then we also consider the intervals 

I+oo = {aL, +00) and /_oo = (-00, 05). 

We now show that tp^ possesses property ^. If 99 has no real zeros, then ■0* also has no real zeros 
and, therefore, it possesses property A. 

Suppose that ip has at least one real zero. Consider the interval Ij for a fixed j. Let /? be 
the leftmost zero of tp'^/ip* in Ij. The existence of this zero is guaranteed by Rolle's theorem. Since 
tp'^^{z)/tp^,(z) +00 whenever z \ aj (see (|1.9p ). we have '>p'*iz)/'^*{z) > for z e {aj,(3). Now 
from (j2.2p it follows that Q[ip*] has no zeros in (aj, P). Consequently, possesses property A at Uj. 
In particular, if -0^, has the smallest zero as = cti, then considering the interval Ii, we obtain that 
■0* possesses property A at as- Let ■0* have the largest zero aL- If ■0l/'0* has no zeros in the interval 
I+oo, then 0^2;)/0*(2:) > for z G I+oo, since tpi{z)/ip^:{z) — > +00 whenever z \ aL (see (|1.9p ). 
Therefore, by (j2.2p . we have Q[ip*]{z) / in the interval (a^, +00), and ip^ also possesses property A 
at a^. If 0!|,/0* has at least one zero in J+oo and (3 is the leftmost one, then 'ip[{z)/ip^{z) > for 
z G {aL,(3). So, (5[0*] can not have zeros in z G (a/,,/?) by the same reasoning as above. Thus, 
we obtain that tp^ possesses property A at each of its real zero (if any). Consequently, V'* possesses 
property A. 

We now prove that Z£{ip'^) < Zc^i)*)- There can be only the following two cases. 

Case I. Let have no real zeros. Then all real zeros of -01 are extra zeros. 

If C* is a zero of (5[0*] of even multiplicity (at least two), then is a zero of ip'^ of odd 
multiplicity (at least three) according to ()2.3p . Thus, we have E{ip'^) ^ 3. Now from (jl.2p it follows 
that Zc(V'*) - ^c(0l) > 2, that is, Zc{ip'^) < Zc(0*). 

If C* is a zero of Q[ip>t] of odd multiplicity, then according to (j2.3p . C* is a zero of 0^ of even 
multiplicity (at least two) and we have 

Ei^P:) ^ 2. (2.4) 

Note that C* is an extremum point of ipi/ip* in this case. Since Q{z) is negative for z ±00 
(see the proof of Theorem [T|, the function 'ipl{z)/'ip^(z) is decreasing for all sufficiently large real 
z, so ip'^/ip* must have at least one local minimum and and at least one local maximum (and the 
numbers of local minima and local maxima are equal). Consequently, Q^, must be a point of local 
maximum of tp'^^/ip^ by construction, and 

< (2.5) 

'0*(C* - e) 

for all sufficiently small e > 0. Further, if the function 0* is not of the form (|1.146p . then ip^ satisfies 
the inequalities (jl.3p (the validity of these inequalities for functions with finitely many zeros is shown 
in Cases I and II of the proof of Theorem [2]), from which it follows that Zc{ipi) < Zc{ip^,) by ()2.4p . 
If 0* has the form ()1.146p , then we have 

t^ = ^-2a. + 5, a>0, (2.6) 

where p is a real polynomial and 6 G M. Consequently, ■ipl{z)/ip^:{z) — > +00 whenever z — > —00, so 
ipl has an odd number of zeros in (—00, C*) according to (|2.5p . Thus, in this case, the inequality ()2.4p 
can be improved to the following one. 

Ei^Pi) ^ 3. (2.7) 
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Now ([L2|) and ^ yield Zc(V'l) < ^cCV'*)- 



Case II. Let now ip^, have at least one real zero. Recall that all zeros of V'l in the every interval Ij 
are extra zeros of il^^ except one, counting multiplicity. At the same time, all the zeros of ipl in the 
intervals I-oo and I-\-oo are extra zeros of ip'^,. 

Let V'* have at least two real zeros and let G Ij for some j. If C* is a zero of Q[ip*] of 
even multiplicity, then is a zero of "01 of odd multiplicity (at least three). Since one zero of ■0* 
in Ij is guaranteed by Rolle's theorem, we have the inequality (j2.4p in this case. If V'l is not of 
the form (jl.l46p . then as above by (|2.4p and (jl.Sp . we obtain Zc(V'l) < Zc{ip^). If ^/^^^ has the 
form ()1.146|) . then the interval I-oo exists in this case and ip'^ has an odd number of extra zeros 
(at least one) in I-oo- In fact, ■ip'^{z)/7p<t:{z) +00 whenever z — > —00 and ipi{z)/il>^,{z) —00 
whenever z as by (jl.Op and ()2.6|) . Consequently, the inequality <\2.7\\ holds in this case and 
from ([L2]) it follows that Zci^j'^) < Zc{ip*). 

If C* is a zero of Q[V'*] of odd multiplicity, then is a zero of V'l of even multiplicity (at least 
two). But by Rolle's theorem, ipi^, has an odd number of zeros in Therefore, if "0* is not of the 
form (11.146p . then (12.41) is valid. If •i/'* is of the form (I1.146p . then, in this case, (j2.7p can be proved 
by the same method as above. Thus, we also have Z^^-ii^*) < ■^c(V'*) by (jl.Sp and (|1.2p . 

Let V* have at least one real zero and let C* £ I-(x, or C,^, S /+oo- By the same reasoning as 
above, one can show that the inequality (|2.7p holds in this case. So, we again obtain the inequality 
ZM) < ZciA) by dLlI). 

Thus, we have shown that for a given cp £ C — V* , there exists a real cr* such that the function 
V'*(-z) = e~'^*^99(z) possesses property A. Additionally, if Z^{Q) > 0, then Zc{ipl) < Zc{ip^), as 
required. □ 

Remark 2.1. For a given function 99 G C — V* the number a* guaranteed by Theorem [7] is not 
unique. For example, one can find another number applying Theorem [7] to the function ip{—z). 

Remark 2.2. We recall that, for ip and ^/^* of Theorem [71 we have Qlijj*] = Q[<-p] (see (12. ip ). 

Our last theorem establishes the Hawaii conjecture. 

Theorem 8. Let ip € C — V* and Q be a meromorphic function defined by (jl.4p . If ip has exactly 
2m nonreal zeros, counting multiplicities, then the number of real zeros of Q, counting multiplicities, 
does not exceed 2m. 

Proof. If Z^(Q) = 0, then the theorem is true. 

Let Z-js^{Q) 7^ 0. Then according to Theorem [71 there exists a real ao such that the function 
■00 (-z) = e~"'°^ip{z) possesses property A and Zc(V'o) < ■^c(V'o)- 

If Z^{Qi[ijjQ]) / 0, then we can apply Theorem [7| to ipQ to get a real ai such that i/jii^) = 
e~°"i^Vo(-^) possesses property A and Z£.{ip[) < Zc(V'i)- If -^r (QiiV'i]) 7^ 0) then we can apply 
Theorem [7] to ip'i and so on. Thus, we obtain a sequence of the functions V'l) • • • with 
property A satisfying the inequalities Zi^{iIj'-) < Z£{7pj), where ipj{z) = e~'^i>^ipj_i{z), i = 1,2, . . . 

Since ip has finitely many nonreal zeros by assumption, the sequence of the functions ipj is finite. 
That is, there exists a nonnegative integer / (^ m — 1) such thalHI 

Zu{Qim) = 0, (2.8) 
^We notice that a necessary condition for the equality (|2.8|l is Zciipi) = Zciip'i)- 
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while Z^{Q[i,i]) > 0. 

By construction, all the functions ipj possess property A. Consequently, we can apply Theorem[2] 
to each of them to obtain 

2m(-') - 2m['^ ^ {Q[ij,]) ^ 2m^^^ - 2rrif'^ + (Qi [V',-]) , j = 0, 1, . . . , /, (2.9) 

where we use notation 2m^^^ = Zdipj), 2rnf^ = Zc{ipj). 
Prom (ESI) and i^M it follows that 



(QM) = 2m« - 2mf\ (2.10) 

Further, the inequalities ()2.9p imply 

ZRiQiijj])- Z^iQiiijj]) i:2m^^^ -2m['\ j = 0,1, . . . ,1 - 1. (2.11) 
By construction of the functions ipj (see Remark I2.2p . we have 

^R(Qi[V'i]) = ^K(Q[V'i+i]), 2m^^^ = 2m^j+^\ j = 0,1, . . . ,1 - 1. 
Therefore, ()2.11|) can be rewritten in the form 

ZR{Q[iPj])-ZuiQ[iPj+i])^2m^^^ -2m^^+^\ j = 0,1, . . . ,1 - 1. (2.12) 
Summing the inequalities (j2.12p for j = 0, 1, . . . , Z — 1, we obtain 

Zr {Qii^o]) - Zr (Qm) = Zm (Q[Vo]) - Zu (Q[^i]) + Zu (Q[^i]) - (Q[^2]) + 

+Zm {Q[^P2]) - Zu (Qm) + ... + ZR {Q[i^i-i]) - Zu {Q[i;i]) ^ 
< (2m(°) - 2m(^)) + (2m(i) - 2m(2)) + . . . + {2m^^-^^ - 2mW) = 2m(°) - 2m^^\ 
This inequality and the equality (|2.10p yield 

iQ[ipo]) < 2m(°) - 2m(^) + (Q[V^/]) = 2m^^^ - 2mf^ ^ 2m(°). (2.13) 

But by construction of ipQ, we have Q = Q[V'o] (see Remark 12. 2p and 2m = 2m^^\ Therefore, the 
inequality (j2.13p is exactly 

(Q) ^ 2m, 

as required. □ 
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